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Abstract—The Q? distribution is a competitive tool for
SAR image description. This distribution is useful for
describing speckled imagery because it models adequately
areas with different degrees of texture. Data simulation is
crucial for the development of new methods of automatic
interpretation of this type of images. We compare four
alternatives for generating data under the G? distribution.
The experiments are performed on a variety of program-
ming languages and, a number of criteria to test the fidelity
of the generated data are applied.

Index Terms—Random variable generation, SAR image
modeling, GY distribution

I. INTRODUCTION

The statistical modeling of SAR (Synthetic Aperture
Radar) data is a well-known and powerful strategy for
understanding this kind of images; the comprehensive
review by Gao [1] discusses many of the available models.
The g? family of distributions [2] is an attractive option
because it models areas with different degrees of texture,
while not requiring the use of Bessel functions, which may
not be available or exhibit numerical instabilities. Three
parameters index the g? distribution: scale (related to the
brightness), the number of looks which is associated with
the signal-to-noise ratio, and arguably the most important
one that is connected to the degree of texture and with the
tail index of this distribution [3], [4]. They are denoted,
respectively by v, L and «.

Many applications use simulated SAR data. The anal-
ysis of properties of parameter estimation procedures is
hardly done on a theoretical basis only [5], [6]. Computer
simulations are used to assess methods of automatic
interpretation [7], [8].

We check the reliability reliable and efficiency of
random number generators in terms of goodness of fit and
computational requirements. The quality of the simulated
data is measured using first and second order moments,
goodness of fit tests, the maximum sample distribution
and confidence intervals coverage [9]. Moreover, we
experiment four programming languages examining their
advantages and disadvantages. We study the noisiest case,
namely, the single-look (L = 1) distribution.

The paper unfolds as follows. Section II recalls useful
properties of the Q‘I) model, presents the expressions for
data generation, and explains how they are compared.
Section III presents the results. Finally, in Section IV we
draw conclusions and suggest future work.

II. METHODOLOGY

Under the multiplicative model, the return in SAR
images can be modeled as the product of two independent
random variables, one corresponding to the backscatter
X and the other to the speckle noise Y. Thus, Z = XY
describes the return in each pixel.

Sensible assumptions are (i) the backscatter follows
a reciprocal Gamma law (denoted X ~ TI'~!(—a,7)),
and (ii) the speckle obeys an unitary mean Gamma
distribution (Y ~ T'(L, L)). With this, the return follows
a GV distribution: Z ~ G%(av,y, L) [2], whose density
function is
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with —a,v,2z > 0 and L > 1. In the single look case



this expression takes the form
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which is a Generalized Pareto Type II distribution, a
particular case of a power law distribution [3].
The r-order moment for this g? distribution is

(Y T(=a—r)I(L+7)
EZ)=(7) F—a) T(L)

provided v < —r, and it is infinite otherwise.
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A. Data generation techniques

As previously stated, a G¥(cv, , 1) random variable is
the product of two independent random variables. We
use the definition of the reciprocal Gamma law: if U ~
(n,w), then V = 1/X ~ I'"!(—n,w). Also, the x>
distribution is a particular case of a Gamma distribution:
a x2, law is a I'(m/2, 1/2) distribution. Finally, the scale
property of Gamma random variables is also useful: if
X ~ I'(m,n) then aX ~ I'(m,n/a) for a > 0. In
face of this, we propose the following two ways of data
generation, one based on Gamma laws, and another using
x? deviates:

o I'-generator: Sample from Z = Y/X' where X

and Y are independent random variables such that
X' ~T(—a,y) and Y ~T'(1,1).

« x2-generator: Sample from Z = yX/Y where X
and Y are independent random variables such that
X~x2and Y ~ x2,,.

A third way of obtaining Q? deviates is using its
relationship with the Snedecor’s F variable: a quotient of
two independent x? random variables. With this we have
the F-generator: Z = —yU/«, where U ~ F(2, —2a).

The fourth way of generation uses the fact that the
G%(a,, 1) distribution is a particular case of Generalized
Pareto Type 1II distribution [10]. Thus, we propose the
P-generator as Z ~ P(I1)(0, v, —«), with P(II) denoting
Pareto Type II distribution.

All the programming languages and platforms hence-
forth considered provide native functions for sampling
from the Gamma, X2 and Pareto distributions.

B. Programming languages

Simulations were performed using four programming

languages:

e R [I1], version 3.3.1, is a software environment for
statistical computing and image processing, among
other applications. It runs on several platforms and
provides statistical and graphical tools.

e Julia [12], version 0.5.0, is a high-performance
dynamic programming language for technical com-
puting. It provides a compiler, distributed parallel
execution with good numerical accuracy, and a
library of mathematical functions.

e Ox[13], version 7.00, is an object-oriented program-
ming language with an extensive statistical function
library. It is available for several platforms.

e MatLab [14], version R2016a, is a numerical
computing framework. It has its own programming
language and an image processing toolbox. MatLab
allows a variety of matrix operations, and the
creation of user interfaces.

The first three are free, and all of them are able to connect
with programs written in other languages.

C. Comparison criteria

1) Moments accuracy: We consider (a,7y) €
{-8, =5, =3} x{0.1, 1, 10, 100, 1000}. For each point
we generate 1000 samples of size 500, and we compute
the sample mean and variance for each. Using (3), we
know the exact values of the mean and the variance, so it
is possible to study the deviation of the observed values
from the true ones as an error. Denoting n the amount
of samples, 6 and 0 the true value and its estimation,
respectively.

« The mean squared error is one of the most popular

measures of error or population variance. It is defined
as MSE(f) = n=1 37, (6; — 0)2.

o The mean absolute error is defined as
MAE(#) =n~' 3" | |6; — 0. It is often applied in
image processing instead of the mean squared error,
because its memory requirements are noticeably
smaller [15].

o The maximum absolute error measures the
worst error case. It is defined as MxAE(f) =
maxlgign{wi — 9|}

The Q? distribution is heavy-tailed [4], so we are
interested in the behavior of the tail of the observed
data.

2) Tails behavior: With the double purpose of simpli-
fying the calculations and making the results comparable,
in this subsection we employ v* such that F(Z) = 1,
which is implied by (3) and it is given by:

)

It is worth noting that using X ~ G%(a,1 — a, L) along
with Y ~ I'(L, L) leads to the Kummer-U{ distribution
for the return [16].

F=1-a.



We generate 1000 samples of size 1000 for each a €
{-8, =5, —3, —1.5}, using the proposed generators in
each programming language. We then register the values
of each maximum, third quartile, 90th percentile and
the limits of 95 % level confidence interval for the last
two order statistics based on bootstrap [17]. The reason
for selecting these two order statistics is the heavy-tailed
property of this distribution. Then, we compute how many
times the true value belongs to the sample confidence
intervals: the coverage.

Moreover, we assess the goodness of fit of each
generated sample to the true distribution. The classical
option is the Kolmogorov-Smirnov (KS) test [18], based
on the maximum difference between the empirical cumu-
lative distribution function and the cumulative distribution
function specified by the selected distribution for the test.
Since it is known that the KS test is more sensitive in
the center of the distribution than in the tails, we use the
Anderson-Darling (AD) test [19] which is more robust
and it weights the tails. As the behavior of the extreme
information is relevant for us, we also consider the AD
test to evaluate the goodness of fit of both the complete
sample, and the maxima. An attractive feature of this test
is that its statistics distribution does not depend on the
underlying distribution when the parameters are known.

Finally, taking into account samples of size n €
{50, 100, 500, 1000}, we generate 1000 samples of size
1000 of sample maxima and we analyze its goodness
of fit applying both AD and KS tests. This choice is
motivated by the absolutely outlier-prone property of the
Q(I) distribution [3], [4].

Being {Z1,7Zs,...,Z,} independent random vari-
ables with Q? distribution, the maximum U, =
maxi<i<n{Z1, Z2,...,Zy} has cumulative distribution
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3) Processing times: As part of our reckoning, we
compute the processing time consumed by each generator
for each language, in a computer with processor Intel(©)

Core™, i7-6700K CPU 3.4 GHz, 16 GB RAM, System
Type 64 bit operating system.

III. RESULTS

Table I shows the generator which outperforms the
others, according to the selected criteria of errors and
goodness of fit for each programming language.

TABLE 1
THE BEST METHOD FOR EACH LANGUAGE

Criteria R Matlab Ox  Julia
Mean errors X2 x2 P T
Variance errors X2 F, P T P
q3 coverage F X27 I, F F P
P90 coverage X2 X2’ I, F F P

AD-KS raw data x> x> X2 I,F
AD-KS maxima x2, T’ P T X2

Notice that when we refer to the mean and variance
errors, we take into account the generators that most
frequently produces the smallest error among all the
considered parameter values.

Notice that there is no overall best generator; it depends
on the programming language. The coverage percentage
of the confidence intervals for the third quartile and the
90th percentile have a similar behavior for all the involved
generators, though.

Table II exhibits the average time consumed to gen-
erate four samples of size 10%, considering (a,v*) €
{(-8,7),(—5,4),(—3,2),(—1.5,0.5)} for each genera-
tor, measured in seconds.

TABLE I
PROCESSING TIME

R Matlab Ox Julia
' 0225 0.110 0.416 0.130
x? 0.215 0.116 0.440 0.164
F 0225 0.109 0417 0.156
P 0.08 0.052 0293 0.108

The generator that produces the shortest computation
time is indicated in bold. The P generator outperforms
the others in computational effort.

IV. CONCLUSIONS AND FUTURE WORK

We study methods for generating data that follow the
Q? distribution for the single-look case.

In order to compare these generators, we analyze error
measures, goodness of fit, tails behavior and processing
time.

We conclude that the choice of the most appropriate
generator is largely determined by the programming
language.



By programming language

The x? generator is better than the others in the R
language in most of the considered features. The Y-
generator, followed by the F'-generator, is the most
suitable with MatLab. Both F' and I' generators prevail
when using Ox. The P generator is the best for Julia
language.

Alternatively we can classify the criteria in the follow-
ing four categories: processing time, moments fidelity,
quantiles coverage and, raw and sample maxima data
goodness of fit.

The P generator outperforms the others in processing
time for all the programming languages, although this
advantage is more evident in R and Matlab. The y?
generator has the best performance, except in Julia
language, in terms of goodness of fit for the case of
raw data. The P and 2 generators are the best in terms
of moments fidelity. The F' and x? generators do better
than the others regarding to tail behavior. The T" and >
generators are both preferable considering the goodness
of fit of maxima.

We conclude that the most suitable technique is the
P-generator according to the simulation time consumed.

However, in terms of fidelity to the distribution, we
strongly recommend the x? generator.

As future work, we are interested in dealing with non
single-look case simulations.
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