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Abstract—Unmanned networked multirobot systems have the
potential to accomplish complex field tasks with minimum human
intervention. Motion coordination of vehicles that operate in
different domains (land, sea, air) is one of the problems that
need to be addressed to achieve such a goal. This article presents
a representation method based on dual quaternions for leader-
follower formation control architectures. This representation
offers the most compact and computationally efficient screw
transformation formalism and can be used to describe rigid
body motions because they simultaneously describe positions and
orientations with only eight parameters. A controller in dual
quaternion formation space is proposed and analyzed. Computer
simulation results and experimental tests applied to the task of
escorting an UGV with UAVs are shown to verify the functionality
of the proposed system.

I. INTRODUCTION

The concept of multiple robots working together in some
coordinated fashion has been a topic of great interest in
recent years. The ability to distribute tasks has the potential
to increase performance, capabilities and tolerance to faults.
This is particularly relevant when the robots operate in dif-
ferent domains as each vehicle inherently posses distinctive
capabilities. We define domain as the environment the robot
operates in (i.e. land, sea, or air) [1].

Examples of mission where these augmented features may
result in a significant advantage include search and rescue
operations, precision farming, forest fire control, asset surveil-
lance and monitoring, convoy escorting and patrolling, etc.

Many formation control techniques have been developed
over the years for mobile robot coordination. Some of them
rely on biologically inspired behaviors [2], while others rely on
leader-follower architectures [3], virtual structure definitions
[4], virtual kinematic mechanisms [5], and potential field
configurations [6].

Leader-follower configurations are the most common forma-
tion control technique found in the literature given its simplic-
ity of specification: one designated leader follows a specified
path and the rest of the vehicles’ positions are specified relative
to such leader or to other vehicles that ultimately depend on
the leader. Additionally, this method allows for a distributed
control scheme, as only local information may be needed to
establish relative robot positions. Lastly, graph theory gives a

convenient mathematical background to define formations and
their communication paths in a formal manner.

When applied to formations of vehicles operating in three-
dimensional space, although some authors limit the definition
to formation parameters projected onto the plane —considering
only range and bearing [7]- the typical leader-follower im-
plementation relies on spherical coordinates to define range,
azimuth and elevation of a follower with respect to a leader.
In some works Cartesian distances between the leader and the
followers are used [8].

Some authors have proposed formation control representa-
tions that rely on quaternions for representing the attitude of
each individual robot with respect to a global frame [9] or with
respect to a leader vehicle serving as an orientation reference
[10].

In this article, we present a leader-follower formation def-
inition based on dual quaternions. Dual quaternions offer the
most compact and computationally efficient screw transfor-
mation formalism [11] and can be used as a representation
to describe rigid body motions because they simultaneously
describe positions and orientations with only eight parame-
ters [12]. Similar to homogeneous transformation matrices,
they can describe a complete rigid motion with a single
mathematical object. Hence, a sequence of rigid motions is
represented by a sequence of dual quaternion multiplications.
The formation definition proposed in this article represents the
position and orientation of the leader with a dual quaternion
and the relative position and orientation of each follower with
respect to the leader with additional dual quaternions.

To validate the proposed method, we choose the task of
escorting an unmanned ground vehicle (UGV) with one or
more unmanned aerial vehicles (UAVs). Therefore, the mission
consisting on a UGV following a reference trajectory while
UAVs fly around it in some specified manner is taken as a
case study. This application is of particular interest to us due
to its multi-domain nature.

Relative to previous work by the authors [13], this article
extends the concept of representing position, shape, and size
of the formation with dual quaternions to the leader-follower
technique. Applying this concept to leader-follower forma-
tions, opens the door to a system definition that is scalable,



which can potentially be implemented with formations of
large numbers of robots. Furthermore, this work validates the
approach with experimental results while previous work only
presented computer simulations.

This article is organized as follows. Section II describes the
formation control methods commonly found in the literature.
Section III presents the formation approach proposed and
proves its stability in the sense of Lyapunov. Section IV shows
results of the proposed method on computer simulations and
on an experimental testbed, taking the task of aerial escorting
of a ground vehicle as case study. Finally, Section V draws
the conclusions.

II. BACKGROUND

An important aspect of the formation control of mobile
robots is the technique used to coordinate the motions of
the individual vehicles. A wide variety of methods have been
developed, drawing on work in diverse fields such as biology
[14] or game theory [15] and applicable to robotic missions
throughout land, sea, air, and space. The most common tech-
niques include artificial potential fields that establish attraction
and repulsion forces between robots [16], which have also
been combined with behavioral primitives to react to the
environment [17]. Another method relies on the definition of a
virtual structure, where each robot tracks a particular node of
the structure. The concept of a virtual kinematic mechanism
that can be rotated, articulated and scaled over time has also
been explored [5].

Swarm-like formation control methods [18], [19], focus on
the benefits of abstracting to a low dimensional representation.
Robots are usually only statistically bounded to certain region
in space, and their precise location can not be specified. This
is of great benefit for very large numbers of agents but its
performance is limited when specific spacial requirements
for each robot are needed. Additionally, the use of swarm
techniques are typically limited to formations of homogeneous
robots, and they are not applied to multi-domain systems.

The most commonly adopted method in the area of forma-
tion control is the leader-follower technique, in which follower
robots control their position relative to a designated leader
[20], [21], [22], [23]. A variant of this is leader-follower
chains, in which follower robots control their position relative
to one or more local leaders, which, in turn, are following
other local leaders in a network that ultimately is led by a
designated leader [24].

III. DUAL QUATERNION FORMATION DEFINITION

Dual quaternions have recently been used in different ap-
plications such as control of single free rigid bodies [25],
cooperative manipulator arms [12], and group coordination of
UAVs [26] and spacecrafts [27], [28].

A dual number is defined as & = a + eb with €2 = 0, but
€ # 0, where a and b are real numbers, called the principal
part and the dual part, respectively. A dual quaternion can be
treated as a dual number with quaternion components, i.e.,
q= q, + €q,, where g, and q,; are quaternions.
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Fig. 1. Leader-Follower Dual Quaternion Controller Block Diagram

The dual quaternion ¢ = q + G%p o q —where o is
the quaternion product— represents a rigid motion where the
principal part P(q) = q is a unit quaternion that represents
the rotation and the dual part D(q) = %p o ( is a quaternion
that indirectly represents the translation. The translation can be
retrieved using dual quaternion operation p = 2D(q) o P(q)*,
where p = (0,7,y,2)T and (.)* represents the conjugation
operation for quaternions. In the same way as it is done for
dual numbers, it is possible to extend the operation defined for
quaternions to dual quaternions. Moreover, as a quaternion can
be expressed as a scalar component and a vector component,
i.e. 9 = (qo; dv), the dual quaternion § can also be expressed
as § = (gpo; dp; 0; qq4). Notice that the scalar component of the
dual part D(q) = +poq is zero because the scalar component

2
of p is zero.
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Proposed leader-follower formation definition based on dual quater-

We propose a specification of the formation in a space
composed of the pose (position and attitude) of the leader
and the relative pose of the followers with respect to the
leader. Next, we propose a controller that operates on this



new space, minimizing the errors accordingly. Compensation
signals generated by the controller are then transformed to the
space of the vehicles to be applied to the system. Figure 1
shows the architecture of the controller.

Given a dual quaternion representation of the i" robot’s
position and orientation: q; = q,; + G%Pi o q; where q; is the
quaternion representing the orientation and p, = (0, x;, v, %)
represents its position, then, without loss of generality, des-

t

ignating robot 1 as a leader and robot k € [2...,N] as a
follower, we can define

(lleader = (All (1)

ﬁfk = G047, )

where ] is the dual quaternion conjugate of q;.
Equations 1 and 2 can be interpreted as a kinematic trans-
formation £ such that

£ _ |:fl(€l17q1c) (3)

fk(fhv qk):| k=2,....N

that relates the representation in the space of the robots to
the representation in the space of the formation. Figure 2
illustrates these relations. Additionally, an inverse kinematic
relation can be defined as q; = Qjeq4er a0d G5, = Q£ cqder-

Given these definitions, a formation Jacobian matrix
J(qy,qy) that relates velocities in both spaces can be derived,
obtaining £ = J(q,,d,)[q;,q,]”- These expressions can be
used in the dual quaternion formation space controller shown
in Figure 1.

The proposed controller, based on previous works devel-
oped for cluster space architectures [13], considers the dual
quaternion errors

de,, = 4, ©Qmdes; ™M= {leadeT7 f k}a 4)
where G, 4es are the desired leader position and orientation
and followers relative position and orientations. Equation (4)
can be written with a decomposition in terms of the scalar and

vector parts given by

ge,, = (¢p0,,:9p,,;0:Qa,,); m = {leader, f k}. Q)

Theorem 1. Let K,, € R3*3 be a (strictly) positive
definite matrix, the scalar gain kq, > 0, and §e,, =
(@po,,,; Qp,,; 0; Aa,,) the tracking error defined in equation
(4). If the following control laws are defined for the leader
and the followers (where sgn is the sign function such that

sgn(0) = 1):

0
: 1, —sgn K,,q
9 cemd = iqm emd © & (on%) pwpm ; (6)
—581(qp0,, ) kdwAd,,

then, lim; o |qpo,.| = 1 (from where it follows that
limy 00 Qp,, = 0), and lim;—, Qq,, = 0.

Proof: Proposing the Lyapunov candidate function

UGENDY

m={leader, f k}

(1= gpom + G, Gp,. + G4, Qd,), (D

its time derivative has the form

V(f) = Zm:{leader,f Kk}
(= 2¢p0mpom + 24, Ap,, + 247, dd,.) ®)
Notice that, the time derivative of the dual quaternion error

dem = (dp0,3Gp,,;0;Ga,,)im = {leader,f k} can be
expressed as ge,, =

_q;{% 0
l qPOmIB +Q X pm 0 |:wpm cmd:| )
2 téigm _q$m~ Wdm emd

Qxdm QpOmIS +Q><pm

where prm and Qxdm are the cross-product operator skew-
symmetric matrix form of q,  and qg, respectively, and
I3 is the (3 x 3) identity matrix. Additionally, wpm cma
and Wgm cmq are defined by the controller as wpm cma =
_Sgn(QpOm)prme and Wym emd = _Sgn(QpOm)kdedm-
These expressions can be substituted in (8) to obtain:

Ve = >

m={leader, f k}

( - ﬁfm |QP0m|pr(~1pm e

—& |gpom | Kpwlp,, - - -

—a7, s20(qp0m) Qxpm Kpuwlp,, - - -
—a7, Quamsen(qpom) Kpuwdp,, - - -
_kdw|QPOm|(~1§dem .
—5g0(qpom ) kawdly, Qxpmd,, )-

Since @7, Qxpm = @5 Qxam = 0 and &} Qupmda,, =
0, it follows that,

>

m={leader, f k}

(10)

V(f) = ( - 2613):,1 |Qp0m|de(~lpm -

|9p0,, | kawdy, Qa,,) <0 (11)

ROS-Gazebo GUI models of UGV and UAV

Fig. 3.



Notice that, if gy0,, = 0 (i.e., ||qp,. || = 1) then V(£) = 0.
However from equation (9), if gu0,, = 0, it follows that 0 =
—q,, Wpmemd = 4., KpwQp,,» Which is not possible. Then
V(§ ) = 0 if and only if q,,, = Qq,, = 0, rendering the system
asymptotically stable. ]

IV. RESULTS

The proposed system is implemented in computer simula-
tions and on an experimental testbed.

The simulations are developed on the Robot Operating
System (ROS) and Gazebo environment [29]. Within the
simulation, the UAVs are modeled as IRIS multicopters from
3D-Robotics using a Gazebo plug-in developed by the Au-
tonomous System Lab of ETH Zurich University. The UGV
is modeled as an ackermann-drive vehicle using a Gazebo
plug-in developed by the MIT Rapid Autonomous Complex-
Environment Competing Ackermann-steering Robot (RACE-
CAR) [30]. Each simulated UAV runs a Linux port of the PX4
autopilot firmware [31] with a MAVROS interface. Figure 3
shows the models of the vehicles in the Gazebo graphical user
interface (GUI).

Fig. 4. Simulation result of a UGV following a sinusoidal trajectory and two
UAVs escorting it. The UAVs maintain the relative position at an elevation of
45° and range of 10m. (a) 3D view. (b) XZ plane side view. (c) XY plane
top view.

The experimental testbed consists of a UGV based on a
1/16th scale RC buggy chassis with a Pixhawk autopilot, GPS
receiver, and Bluetooth connection, and a UAV based on a
3D-printed quadrotor frame with a Pixhawk autopilot, GPS
receiver, and a 433MHz Telemetry radio. Both vehicles are

connected through MAVROS with a ground-based laptop com-
puter running ROS. The computer implements the controller
(6) with the architecture of Figure 1 in a MATLAB/Simulink
environment and connects to ROS through the MATLAB
Robotics Systems Toolbox.

A. Simulations Results

Two computer simulated scenarios are presented in this
article. In the first scenario, the UGV (formation leader)
follows a sinusoidal trajectory while two UAV followers escort
it on each side at a distance (range) of 10m and an elevation
angle of 45°. The orientation (yaw) of the UAVs is constant
(looking ahead) and the orientation of the UGV is a function
of the commanded motion, given the nonholonomic constraint
of the vehicle. Figure 4 shows the motion of the vehicles
from different perspectives. Heading control on the UGV is
implemented by commanding the vehicle steering according
to ¢ = atan2(vy emd, Vyemd) at the output of the Formation
to Robot Space Transform block in Figure 1. The dual quater-
nion controller gain is set to K, = diag(0.3,0.3,0.3) and
kdw = 0.3.

[N

I I e
L Y O
R To T o
S S 2
SSIN S S
0 500 0 500 0 500
<1 w1 < 40
S S S
T o To 520
S S 2
S S BS] 0
0 500 0 500 0 500
-6
.5 Byl 1.1
= =~
Fo W Fo <
3 fofesndoan o
S5 S5 0.9
0 500 0 500 0 500
%103

dri,
dri,
dr,

dri;
ijlﬁ
2'
dri
7

5 -1 5
0 500 0 500 0 500
4 1.1 1
w f— - o
22 A <o
Nl N Nl
0 0.9 -1
0 500 0 500 0 500
-4 -3
y 5 *x10 > x10
- < o
<o <o <o
< Nl Nl
- -5 -2
0 500 0 500 0 500
1 5 4
< - w
AR TG G =y <o | L2
N r\#““q VV \ M ant Nl Nyl
-1 -5 0
0 500 0 500 0 500
Time [s] Time [s] Time [s]

Fig. 5. Simulation results of a UGV following a sinusoidal trajectory and two
UAVs escorting it (corresponding to Figure 4). Reference (dotted lines) and
measured values (solid lines) over time of the dual quaternion coefficients.



Fig. 6. Simulation result of a UGV following a rectilinear trajectory and two
UAVs circling around it. The UAVs rotate around the posicion of the UGV
at an elevation of 45° and range of 10m. (a) Isometric view. (b) XZ plane
side view. (¢) XY plane top view.

Figure 5 shows the reference and measured values of the
dual quaternion coefficients of the three vehicles. The first 8
coefficients q;., ., correspond to the UGV leader, where the
first 4 coefficients —related to the orientation of the vehicle—
are zero as the heading control is not controlled by the
formation control framework but by the internal heading con-
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Fig. 7. Simulation results of a UGV following a rectilinear trajectory and two
UAVs circling around it (corresponding to Figure 6). Reference (dotted lines)
and measured values (solid lines) over time of the dual quaternion coefficients.

trol described above, and the latter 4 coefficients —containing
information of the vehicle’s position— reflect tracking of the
sinusoidal trajectory. The other two sets of coefficients q,
and q;,, monitor the relative position of the UAV followers
with respect to the leader.

Fig. 8.

Experimental testbed hardware: UGV and UAV



Fig. 9.

Experimental result of a UGV following a rectilinear trajectory and
a UAV flying above it at a constant relative altitude of 10m. (a) Isometric
view. (b) XZ plane side view. (c) XY plane top view.

The second simulation scenario consists of a rectilinear
trajectory of the UGV while the two UAVs circle around it.
The distance (range) between the UGV and UAVs is 10m and
the elevation angle is 45°. Figure 6 shows the vehicles’ motion.
The dual controller gains are similar to the previous scenario.
Figure 7 shows the reference and measured values of the dual
quaternion coefficients of the three vehicles.

In both simulations the vehicles track the reference trajec-
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Fig. 10. Experimental results of a UGV following a rectilinear trajectory and
a UAV flying above it at a constant relative altitude of 10m (corresponding
to Figure 9). Reference (dotted lines) and measured values (solid lines) over
time of the dual quaternion coefficients.

tory successfully. Some steady state error can be seen due to
the proportional nature of the controller.

B. Field Experiments

Given the architecture of the system, the proposed controller
can be seamlessly transitioned from the simulator to the
hardware experimental testbed with minimal modifications.
This is due to the fact that the interfaces with the real vehicles
are similar to those of the simulator, as MAVROS and the PX4
firmware are common to both configurations. Furthermore,
the gains of the controller are set equal to those used in the
simulations. Two experimental results are shown in this article.

In the first experiment, one UGV follows a rectilinear
trajectory and one UAV flies over it at a constant relative
position, specifically 10 meters above the UGV while keeping
a constant heading. Figure 9 shows the positions of the
vehicles and Figure 10 indicates the reference and measured
values of the dual quaternion coefficients.

In the second experiment, the UGV tracks an elliptical
trajectory with a major axis of 30m and a minor axis of 12m.
The UAV keeps a constant relative position above it at an
altitude of 10m. Figure 11 shows the positions of the vehicles
and Figure 12 indicates the reference and measured values of
the dual quaternion coefficients.

In both cases the formation tracks the desired trajectories
successfully. A lag between the position of the UGV and that
of the UAV can be observed. As in the case of the simulation
results, this is due to the steady state errors resulting from the
proportional nature of the controller.

V. CONCLUSION

This article presented a leader-follower formation control
architecture based on dual quaternion representations of the
system and a dual quaternion controller that operates in the



1
15

(©)

Fig. 11. Experimental result of a UGV following an elliptical trajectory and
a UAV flying above it at a constant relative altitude of 10m. (a) Isometric
view. (b) XZ plane side view. (c) XY plane top view.

space of the formation. The stability of the controller was
proven from a Lyapunov perspective.

Simulations and experimental results applied to the task of
escorting a ground vehicle with unmanned aerial vehicles were
presented to illustrate the validity of the approach. Further-
more, a seamless transition from the simulation environment to
the experimental setup —which includes preserving controller
gains syntonization— allows for system debugging and tunning
before field deployment.

In terms of scalability, the proposed system lends itself to
a distributed implementation. As this approach is based on
the leader follower paradigm, the controller corresponding to
each vehicle in the formation depends only on the state of
that vehicle and that of the leader. Furthermore the Jacobian
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Fig. 12. Experimental results of a UGV following an elliptical trajectory and

a UAV flying above it at a constant relative altitude of 10m (corresponding
to Figure 11). Reference (dotted lines) and measured values (solid lines) over
time of the dual quaternion coefficients.

matrix J has a block diagonal structure and the architecture
of Figure 1 can be implemented in a distributed fashion [32].

Future work will focus on experimentation with a larger
number of vehicles and the addition of features such as
obstacle avoidance or aerial visual detection of objects of
interest for active formation navigation.
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