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ABSTRACT

Usually,dataindatawarehouses(DWs)arestoredusingthenotionofthemultidimensional(MD)
model.Often,DWschangeincontentandstructureduetoseveralreasons,like,forinstance,changes
inabusinessscenarioortechnology.Foraccuratedecision-making,aDWmodelmustallowstoring
andanalyzingtime-varyingdata.Thispaperaddressestheproblemofkeepingtrackofthehistory
ofthedatainaDW.Forthis,first,aformalizationofthetraditionalMDmodelisproposedandthen
extendedasageneralizedtemporalMDmodel.Themodelcomesequippedwithacollectionoftypical
onlineanalyticalprocessing(OLAP)operationswithtemporalsemantics,whichisformalizedforthe
fourclassicoperations,namelyroll-up,dice,project,anddrill-across.Finally,themappingfromthe
generalizedtemporalmodelintoarelationalschemaispresentedtogetherwithanimplementation
ofthetemporalOLAPoperationsinstandardSQL.

KeyWORDS
Data Warehouse, OLAP, OLAP Operations, Temporal Data Warehouse, Temporal Databases, Temporal 
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INTRODUCTION

Typically,theBusinessIntelligence(BI)processissupportedbyacentralizedrepositorycalledaData
Warehouse(DW),whichintegratesdatacomingfromdifferentsources(Vaisman&Zimányi,2014).
ADWistypicallyrepresentedusingthemultidimensional(MD)model,wheredataarerepresented
asacollectionoffacts,measures,dimensions,levels,andhierarchies.Thesenotionsareinformally
introducednext inastreamlinedfashion, througha runningexamplewhichrepresentssales ina
fictitiousretailcompany.TheDWschemaisdepictedinFigure1,usingtheMultiDim(Vaisman&
Zimányi,2014)notation.
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Multidimensional Data Model
InaDW,dataareperceivedinann-dimensionalspace.Inthisspace,afactisasubjectofinterest,
e.g.,abusinessevent.Eachobservationinafactiscalledafact member.Afactisquantifiedbyone
ormoremeasures,whicharetypicallynumericalquantities.Dimensionsprovidecontexttofacts.
Forinstance,saleseventscanbeperceivedinathree-dimensionalSalesfact,eachonerepresenting
informationaboutwhenandwhereaspecificproductwassoldatacertainprice.Inthiscase,the
Product,theTimeofthesale,andtheCitywheretheproductwassoldrepresentthedimensions,
andtheAmountsoldisameasure.Levelsprovidedimensionvalues,whichinturnaredescribedby
attributes.Forexample,alevelDayprovidesallpossiblevaluesfordimensionDate.Instancesofa
levelarecalledlevel membersormembers.ADWmaycontainmultiplelevels,andvariousfactsmay
sharetheselevels.Alevelisconnectedtoafactifitprovidesvaluesforanydimensioninthatfact.
Suchaleveldeterminesthegranularityofadimension,whichdeterminesthelevelofdetailatwhich
measuresarerecorded.Forexample,inthefactSalesinFigure1,valuesfortheDatedimensioncome
fromlevelDay,meaningthatthegranularityofthedimensionisattheDaylevel.Alevelmayprovide
valuesformorethanonedimensioninafact,andsuchdimensionsarecalledrole-playing dimensions.

The relationship between levels is called an aggregation relationship, which associates the
membersofaparentlevelandachildlevel,wherethelatteristheleveldefinedatafinergranularity
intherelationship.Anaggregationrelationshipcanbenamed.Further,thecardinalityofarelationship
between dimension levels indicates how level members relate to each other. Analogously, the
cardinalityofarelationshipbetweenafactandalevelindicateshowfactmembersareassociatedwith
levelmembers.Asusualinconceptualmodeling,cardinalitiescanbeone-to-one(1-1),many-to-one
(m-1),andmany-to-many(m-m).Furthermore,thecardinalitycanbeoptional(denoted0)foranyof
thetwoparticipatingentitiesofarelationship,meaningthattheparticipationofmembersofanentity
isnotmandatoryintherelationship.Forexample,thecardinalitybetweenlevelProductandfactSales
ismany-to-one,meaningthatasalestransactioncontainsoneproduct,andaproductmembermay
appearinmultiplesalestransactions.Notethataggregationrelationshipscanberecursive,meaning
thatmembersofa levelaretheparentmembersof thesamelevel.Forexample, therelationship
SupervisorbetweenmembersoflevelEmployeeisarecursiverelationship,sincebothsupervisors
andtheirsubordinatesaremembersoflevelEmployee.

Ahierarchyisacollectionoflogicallyrelatedaggregationrelationshipsandallowsaggregating
measurevaluestoacoarserlevelofdetailfromvaluesatafinerlevelofdetail.Inastrict hierarchy,all
aggregationrelationshipsaremany-to-one,whereas,inanon-strict hierarchy,atleastoneaggregation
relationshiphasamany-to-manycardinality.

Thenotionofsummarizabilityreferstothecorrectnessoftheaggregationofmeasurevaluesfrom
alowerleveltoahigherlevelofgranularity.Ensuringsummarizabilityisanessentialconditionof
anyMDmodel.Summarizabilityconditionswheredefinedby(Lenz&Shoshani,1997),whichstate
thatmembersinadimensionlevelLmustdefineapartitionofthemembersinthelevelimmediately
belowL. It followsthatnon-stricthierarchiesarenon-summarizablesincetheycontainmany-to-
manyrelationships.

Temporal Multidimensional Data Model
ThetimedimensioninatraditionalDWisusedtoassociatethenotionoftimewithmeasurevalues.
Havingatimeinstantassociatedwitheachfactmemberallowsforaggregatingandanalyzingthe
measurevalues at variouspoints in time,which is veryhelpful in thedecision-makingprocess.
However,atraditionalDWdoesnothaveanymechanismtotrackthechangesoveritsdimension
members,causedbyroutinebusinessprocessesorthecorrectionofexistingdata.Themostfrequent
use-caseoftemporaldatacomesfromasalesbusiness,wherepricesofproductsmaychangeevery
day.Lessfrequentchangesapplytotheassignmentofproductstocategories,i.e.,changesinthe
structureofadimensioninstance.
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Capturingcontentchangesisessentialforreconstructingthestateofthebusinessworldatspecific
pointsintime,keepinganaudittrailofchanges,andsimulatinghypothetical(“what-if”)business
scenarios.Ausermaydecidetoaddthenotionoftimetothe(1)existenceofdimensionmembers,
(2)propertiesofdimensionmembers,and(3)relationshipsbetweendimensionmembers.

Slowlychangingdimensions(SCDs)(Kimball&Ross,2013)werepresentedasasolutionfor
theproblemofmaintainingthehistoryofchangesinthelevelattributesofrelationalDWs.However,
thesearead-hocsolutionswiththeirshortcomings(seeSectionRelatedWork)andoftenrequire
schemamodifications.Moreover,SCDsdonotprovideaggregationsemanticsfortime-varyingdata,
thus,obtainingcorrectaggregationresultsremainstheuser’sresponsibility.

TokeepthefullhistoryoftheDWmodelpresentedintheprevioussection,itcanbeextended
withorthogonaltimedimensions,alongthelinesofclassictemporaldatabases(Tansel,etal.,1993).
Forexample,theformercanbeachievedthroughtheadditionoftemporalfeatures,namelytemporal
attributes,temporallevels,andtemporalaggregationrelationships,thatallowkeepingthehistoryof
dimensionmembersinaMDmodel.

Atemporal attributekeepstrackofthechangesinitsvalueandthetimewhenthesechanges
occurred.Atemporal levelisalevelforwhichtheapplicationrequiresstoringatimeframeassociated
withitsmembers.Atemporal aggregation relationshipkeepsarecordofthehistoryofparent-child
relationshipsindimensionhierarchies.Acomprehensiveliteraturereviewonthesubjectisgivenin
therelatedworksection.

Temporal aspects can be associated with real-world objects and events, using the so-called
temporalitytypes(Snodgrass&Ahn,1985).Valid time(VT),typicallysuppliedbytheuser,refers
tothetimeduringwhicharecordisconsideredvalidintherealworld,anditcanbeusedtorepresent
thestateofanobjectatdifferentpoints in time.Transaction time (TT),usuallymaintainedbya
system,representsthetimeduringwhicharecordisstoredinthesystem.Itrepresentsthestateofthe
databaseatdifferentpointsintimeandismainlyusedforroll-backorauditingpurposes.Validand
transactiontimesareorthogonalandcanbeusedeitherindividuallyorcombinedtodefinebitemporal 
time(BT).Anothertemporalaspect,calledlifespan(LS),representsthetimeduringwhichanobject
exists.Thelifespanofanobjectisthevalidtimeofafacttellingthattheobjectexists.Finally,auser
mayalsoincludeanyothertemporalaspectstothedatareferredtoasuser-definedtemporalitytypes.



Research Problems
ItfollowsfromthediscussionabovethataMDmodelshouldincludethefollowingfeatures:
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1. Expressiveness:AMDmodelmustallowrepresentingmeasuresatvariousgranularities,role-
playingdimensions,reusabilityoflevelinstanceacrossmultiplehierarchies,multipleaggregation
pathways for the same dimension, non-strict hierarchies, correct aggregation of measures
whileusinganon-stricthierarchy,andoptionalcardinalitybetweenachild-parentorfact-level
relationship;

2. Temporal Features: A MD model should be able to represent time-varying data, allowing
temporallevels,temporalattributes,temporalchild-parentrelationships,andtemporalhierarchies.
Itmustalsoincludedataconsistencyconstraintssuchassynchronizationconstraintsbetween
twotemporallevelsandconstraintsbetweenafactandatemporallevel;

3. Modular Data Model:Normally, in real-worldapplications, it isnotnecessary tokeep the
historyofalltheelementsinaMDmodel.Therefore,amodulardatamodelmustallowboth
nontemporalandtemporalfeaturestobeincludedindependentlyofeachother(Hümmer,Lehner,
Bauer,&Schlesinger,2002);

Figure 1. An example data warehouse to analyze the sales and inventory of a retail company
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4. OLAP Operators:AMDmodelmustincludeasetofoperationsthatcouldbecombinedto
analyzebothnontemporalandtemporaldata.Thepurposeoftheseoperationsistoserveasa
high-levelanalysislanguageandtransparentlyexploitthemodelconstructssuchashierarchies
toproducethecorrectresults;

5. Easy Implementation:Thedatastructure,dataconsistencyconstraints,andtheOLAPoperator
constituting a MD model should be implementable using the existing technologies such as
relationaldatabases.

Contributions and Paper Organization
ThispaperproposesasemanticallyrichMDmodelthatcanrepresentboth,nontemporalandtemporal
data, andwhich canbe implemented in standardSQL.Themodel also includes a set ofOLAP
operations,eachofwhichtakesasaninputafact,andadds,asaresult,anotherfactintothemodel.
Thus,theoperationscanbeusedinacombinedfashiontoansweranalyticalqueries.Furthermore,
dataconstraintsareprovidedtopreservedataconsistency.

ThepaperbeginswithformalizingthenotionsofaMDdatamodelandprovidesthesemantics
of theOLAPoperatorsover themodel.Then,ageneralizedMDmodel ispresented, supporting
bothnontemporalandtemporalfeaturesindependently.Further,thesemanticsoftemporalOLAP
operatorsarealsogiven.Afterthis,thepapershowshowthedatastructuresandthedataconsistency
constraintsofthegeneralizedtemporalmodelcanbemappedintoarelationalschema.Also,with
thehelpofexamplequeries,itisshownhowtheOLAPoperationsofthemodelcanbeimplemented
inthestandardSQL.Astudyoftherelatedworkfollows,andfinally,theconclusionsandfuture
researchdirectionsarepresented.

A FORMAL MULTIDIMeNSIONAL MODeL

ThissectionformallydefinesthedatastructureofthemultidimensionalDWmodel.
Inwhatfollows,thedomainofatypeb isdenoteddom(b)anditisextendedwithaspecialvalue

⊥ . Furthermore, Card is a set of cardinality constraints where each element follows the usual
semanticsasinconceptualmodelling.BeforedefiningaMDmodel,itisnecessarytoformalizethe
conceptsoflevel,aggregationrelationship,hierarchy,andfact.

Definition 1 (Level Schema).TheschemaofalevelL isdefinedbyL A O A O A O
k k n n

: , : , , :+ …( )1
1

,
whereL isthelevelname,Akisthenameofthekeyattribute,andithasabasetypeO

k
,and

eachA i n
i
, , , ,= …1 isanattributename,andithasabasetypeOi.Also,allattributenamesare

uniqueinL .
Example 1.TheschemaoflevelCategory∈LisCategory(CategoryID:Integer,CategoryName:

String,Description:String),andCategoryIDisthenameofthekeyattribute

Definition 2 (Level Instance).AlevelinstanceL ∈ isasetoflevelmembersdefinedbyL ⊂k
×a1×...×an | k∈dom(Ok)∧ai∈dom(Oi), i = 1,...,n∪ l where l isthedefaultmemberofL.
Also,L satisfiesthekeyconstraint,thatis,∀ l 1, l 2∈L , l l l k l k

1 2 1 2
≠ ⇒ ≠. . . Thesetofthe

keyvaluesofalevelinstanceisdenotedbyLš ={ .l k | l L∈ } .
Definition 3 (Aggregation Relationship Schema).AnaggregationrelationshipR isdefinedby
R L L

c p
, , card( ) ,whereR istheaggregationrelationshipname,L L

c p
, arethelevelnamesin
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 ,andcard∈CardspecifiesthecardinalityoftherelationshipbetweenthechildlevelL
c

and
theparentlevelL

p
.

Example 3.TheschemaofallaggregationrelationshipsbetweenlevelsCustomer,City,State,and
CountryisCustomer_City_Lives(Customer,City,m-1),Customer_City_Works(Customer,City,
m-m),City_State(City,State,m-1),andState_Country(State,Country,m-1).

Dependingonthecardinality,achildmembermaybeassociatedwithoneormultipleparent
members.Incaseofanoptionalcardinalityontheparentside,theorphanchildmembersareassociated
withthedefaultmemberoftheparentlevel.Also,thedefaultmemberofachildlevelisrelatedto
thedefaultmemberoftheparentlevel.Inthisway,eachaggregationrelationshipisalwayscomplete.

Definition 4 (Aggregation Relationship Instance).AnaggregationrelationshipinstanceR  ∈ 
ofschemaR L L

c p
, , card( ) ,isarelationdefinedbyR R l k l k

c p
= ∪( )ˆ . , . ,whereR̂ L L

c p
⊂ ×κ κ� ,

and l L
c c
∈  and   l L

p p
∈ are the default members of levels L

c
 and L

p
, respectively. If

l L l l L
c c p p p
∈ ∈ ∈κ κ, and l l R

c p
, ,( ) ∉  then l l k R

c p
, .( )∈ ,where l

p
 isthedefaultmemberof

levelL
p

.Further,R satisfiescard.
Example 4.  An aggregation relationship instance for Customer_City_Works  is
Customer_City_Works c , Brussels c , Antwerp c ,

1 2 n
= ( ) ( ) …�� , ,� , BBrussels( )��.

Definition 5 (Roll-Up Hierarchy Schema). The schema of a roll-up hierarchy is defined by
H R R

n1
' ', ,…( ) , where each R

i
' , , , ,i n= …1  is an aggregation relationship name, and

R L R L i n
i p i c
' '. . , , ,= = … −+1

1 1 .Thisconstraintensuresthattheparentlevelofarelationship
R

i
' isthesameasthechildlevelofthenextrelationship R

i
'
+1

,exceptforthelastlevelofthe
hierarchy.Thebase levelofhierarchyH  isdenotedL R L

b
'

c
= ⋅

1
.Also,L R L

t n
'

p
= ⋅ iscalled

thetop levelofH .Thereisalsoafunction levles H( ) ,whichreturnsthesetofalllevelnames
thatformtheparent-childrelationshipsinH .

Example 5.The structureWorks Customer_City_Works, City_State, State_Coun ttry( ) is
theschemaoftheWorkshierarchyinFigure1.Also,L

b
= Customer isthebaselevelofthe

h i e r a r c h y ,  w o r k s ,  L
t
= Country  i s  t h e  t o p  l e v e l ,  a n d

levels Works = Customer City State Country( ) { }, , , isthesetoflevelsthatformthehierarchy.

Depending on the cardinality of relationships in a hierarchy, a base level member can be
transitivelyassociatedwithoneormultipletop-levelmembers.Thenumberofparentsabaselevel
memberisconnectedtoiscalleditsdistributionfactor.

Definition 6 (Roll-Up Hierarchy Instance).TheinstanceofhierarchyH H, ,denoted is given by 
H R R H

n
= ∪…

1
' ' ; *  d e n o t e s  t h e  t r a n s i t i v e  c l o s u r e  o f

H l l l l H� , , ,meaning�that�if�relations� �then�relatio′ ′ ′′( ) ( ) ∈ nn� , *l l H′′( ) ∈ .  F u r t h e r ,

df l l H L l H L l k l k H
l t c b t t c pc
= ∈ ∧ ∈ ∧( ) ∈{ }. . . , . *  is the distribution factor of a base level

member l
c

ofhierarchyH .
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Example 6.AninstanceoftheWorkshierarchyis:

Works Customer_City_Works City_State State_Country� � � .= ∪ ∪ 

Definition 7 (Fact Schema).AfactF isdefinedbyF K O
k

: , ,D M( ) ,whereF isthefactname,
K isthenameofthekeyattribute,andithasabasetypeO

k
,thetuple D D

m1
, ,…( ) defines

thedimensionsofF ,andeachD i m
i
∈ = …, , , ,1 isapairD L card

i i i
,( ) suchthatD

i
isa

d i m e n s i o n  n a m e ,  L
i

 i s  a  l e v e l  n a m e  i n   ,  a n d
card m m m m

i
∈ − − − − − − − −{ }01 01 01 1 1 01 1 1 0 01 0 1 01 1, , , , , , , specifiesthecardinality

oftherelationshipbetweenfactF andlevelL
i
.Thetuple M O M O

n n1 1
: , , :…( ) defines

themeasuresofF ,andeachM i n
i
∈ = …, , , ,1 isameasurenamethathasabasetypeO

i
.

ThekeynameK ,adimensionnameD ,andameasurenameM areuniqueinF .
Example 7.TheschemaoffactSalesisSales K, ,D M( ) ,whereK   = SalesID:Integer.Thedimensions

inthefactare (Customer,Employee,SalesDate,ShippedDate,Product,Supplier,Shipper),
and the measures are   (Quantity:Integer, Discount:Decimal, SalesAmount:Integer,
NetAmount:Decimal, Freight:Decimal). The schemas of the dimensions in Sales are
Customer(Customer,m-1),Employee(Employee,m-1),SalesDate(Day,m-1),ShippedDate(Day,
m-1),Product(Product,m-1),Supplier(Supplier,m-1),andShipper(Shipper,m-1).

Definition 8 (Fact Instance). A fact instance F ∈   is a set of fact members defined by
F f F f f L f L k

i i
= ( )∧ =⊥ ={ }ˆ . . .if� then� l

i
,where:

ˆ ,

, , ,
F

k l l m m k dom O

l L m dom O i m j
m n k

i i j j

⊂
× ×…× × ×…× ∈ ( )
∈ ∈ ( )∧ = … ∧ =

1 1

1º 11, ,…













n



and l
i

 is the default member of the level L
i
. The tuple e f k f l f l f F

m
. , . , , . ,

1
…( ) ∈ , is an

m-dimensionalcellwhichisaplaceholderforthevaluesofnmeasures.Eache l i m
i

. , , ,= …1 ,is
calledacoordinatevalueforthedimensionD

i
ofthecell.ThefactinstanceF satisfiesthekey

constraintandthecardinalityconstraintssimilarlyasdefinedaboveforthelevelinstancesandthe
aggregationrelationshipinstances.

Example 8.Afactinstance Sales isshowninFigure3.(forclarity,intableformat).Forbrevity,
onlydimensionsProductandDateandmeasureQuantityisshown.

Definition 9 (Multidimensional Schema).AmultidimensionalschemaisastructureS L R H F, , ,( ) ,
where S istheschemaname,  = …{ }L L

n1
, , isasetoflevels,andalllevelsin  havea

uniquenameandhavethesamedomainO
k
 forthekeyattributeA

k
, = …{ }R R

n1
, , isaset

ofaggregationrelationshipsbetweenlevelsin andallaggregationrelationshipnamesin 
areunique, = …{ }H H

n1
, , isasetofhierarchies,andallhierarchynamesin areunique,

and = …{ }F F
n1

, , isasetoffacts,andallfactnamesin areunique.
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Definition 10 (Multidimensional Instance).Givenaschema S L R H F, , ,( ) asinDefinition9,a
multidimensionalinstance I� �Sof isdefinedas I L R H F, , ,( ) ,where  = …{ }L L

n1
, , isa

set of level instances,  = …{ }R R
n1

, ,  is a set of aggregation relationship instances,
 = …{ }H H

n1
, , isasetofhierarchyinstances,and = …{ }F F

n1
, , isasetoffactinstances.

OLAP Operators
ThissectionintroducesaformalsyntaxandsemanticsforthefourclassicOLAPoperations,namely
roll-up, dice, project, and drill-across, associated with the model explained above. Each of the
operationsbelowtakesasaninputamultidimensionaldatastructureMD

s
,addsanewfact ′F  to

thefactschemaMD
s
. andafactinstance ′F tothefactinstanceofMD

s
. ,andreturnstheresult

asanewMDdatawarehouseMD
o

.Inthisway,theoutputofoneoperatorcanbetheinputofanother
operator.Thus, theseoperators,combined,defineaclosedOLAPalgebra.Fornotation, inwhat
follows,F S. isusedtorefertothecomponent  oftheelementF ,e.g.,thedimensionset in
thefactschemaF.Usingthisnotation,theschemaandinstanceoftheresultantMD

o
aredefinedas

MD MD F
o s
. . = ∪ ′ ,andMD MD F

o s
. . = ∪ ′ .Theschemaandtheinstanceof ′F depends

ontheindividualoperator.Next,eachoperatorisformallydefined.

Roll-Up
TheRoll-upoperationsummarizesameasurefromalowerleveltoahigherlevelofahierarchy,
usinganaggregatefunction.Theaggregationoperationisbasedontherelationalcalculuswith
aggregation,definedbyKlug(Klug,1982).Thefunctionsinsuchcalculustakeasinputasetof
tuples(insteadofasetofvalues)andthepositionofanattributefromthetuplestobeaggregated.
Forexample,thefunction sum

2
SalesKey, Quantity( ) returnsthesumofthesecondattribute

ofinputtuples,i.e.,Quantity.Forclarity,themodelintroducedhereusesthetraditionalSQL
aggregate functions sum, average, min, max, count, and count-distinct, although it does not
preventotheronesfrombeingdefined.

Definition 11 (Roll-Up).TheRoll-upoperatorisdefinedas MD F D H MD
s j o
, , , , ′( ) → ,where

MD
s
isaMDstructure;F isafactnameinMD

s
;D

j
isadimensioninF. ;H isaroll-up

hierarchysuchthatH L D L
b j j

. .= ; ′ = ( ) … ( ){ }′ ′ M M
n n1 1

, , , ,α α whereM i n
i
, , ,= … ′1 ,is

a measure name in F , and α
i
sum average count count distinct∈ −{ }, ,min,max, ,  is an

aggregatefunction.Also,ifF. ⊃ ′ ,thenthemeasuresinF ⋅ ′



areremoved.Finally,

MD
o

istheresultingMDstructure.

GiventheinputfactF withtheschemaF K O
k

: , ,D �M( ) whereD L card
j j j
∈ = ( ) , ,and

itsinstanceF containingmembersoftheform d d d m m
j m n1 1

, , , , , , ,… … …( ) whered L
j j
∈ κ ,the

schemaandinstanceof ′F ,thefactthatisaddedtotheMDdatabaseisdefinedasfollows:

′ ′( )F K O
k

: , ,D �M 
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where ′ = … …( ) D D D
j m1

, , , ,' andD H L m
j t
' . ,= ( )1- :

′ ′ ′= … … …( ) ∈ ( )∧ ( )′F k l k l k l k m m k dom O L l

for
t m n k i i

{ , . , , . , , . , , ,' '
1 1

�� ,�� . { . , . . , . }’i m i j H L l m f k f m F f f l l k
t t x x x i i

= … ≠ ∧ ( )∧ = ( ) ( )∧ =( )1 α ��


for � , , , . , . � *})�/�i n i j f l l k H df
j t lj

= … ≠ ∧( )∈1 forx n= … ′1, , } .

Theschemaof ′F issimilartotheschemaofF ,exceptthelevelL
j
indimensionD

j
isreplaced

withthetop-levelH L
t

. ofthehierarchyH .Intheinstance ′F ,foreachtuple, ′k isanewkeyof
thefact,and l k

t
. isakeyofamemberfromthelevelH L

t
. ;df

lj
isthedistributionfactorof l

j
as

definedinDefinition6,andm
x
' istheaggregatedvalueofthemeasurem

x
,computedusingthe

aggregatefunctionα
x

.Intuitively,in ′F startingfromL H
j
∈ ,thevaluesofthedimensionD

j
 

thatbelongtothesameparentaregroupedatlevelH L
t

. ,andforeachgroup,theinputmeasures
m m

n1
, ,… ′ areaggregatedusingtheirrespectiveaggregatefunctions.

Theinstance ′F isgeneratedasfollows.Foreachnewkey ′k ,thenewdimensionmembersfor
eachtuplearefixed.Thesemembersarethesameasintheinputfacttuple,exceptforthekey l k

j
. 

oftheinitialleveloftheroll-updimensionD
j
,whichisreplacedwithitsparent’skey,thatis, l k

t
. 

fromH L
t

. .Next,intheinnerexpressionofthedefinitionof ′F ,asubsetofF containingtuples
correspondingtothedimensionmembersfixedintheouterqueryisobtained.Heretheexistenceof
l k l k H
j t
. , . *( ) ∈ ensuresthatonlytuplesinwhichchildrenof l

t
arepresentareselectedfromF .

Afterthat,theaggregatefunctionα
x

isappliedovereachmeasurem
x

.Finally,incaseachildmember
is connected to more than one parent, the aggregated values of measures should be uniformly
distributedamongallparents,andthatiswhytheaggregatedmeasurevalueisdividedby df

lj
to

obtainthedistributedshareofaggregatedmeasurevalueforl
t
.Notethatifameasureisaggregated

usingtheminormaxfunction,thendf
lj
= 1 .Sincetheaverageisanon-distributivefunction,i.e.,

itcannotbecomputedfromasub-aggregate,dividingthetotalaveragevalueamongallparentswould
beincorrect.Forthisreason,theaverageiscalculatedfromthedistributiveshareofsumandcount.

Asanexample,considertheMDdatabaseSalesDW,andthequery:Total quantity sold for each 
product category.ThisqueryrequiresaRoll-upoperationoverdimensionProductuptolevelCategory
alonghierarchyCategories= Product_Category{ } .Thesyntaxofsuchoperationisasfollows:

• Roll-Up:(SalesDW,Sales,Product,Categories, Quantity:sum( ){ } )→ Sales' .

Theoperationaddsanewfact Sales' toSalesDW.In Sales' ,productsaregroupedintotheir
respectivecategories.Foreachcategory,theQuantityofallproductsbelongingtothiscategorywhere
allotherdimensionvaluesarethesameisaggregatedusingthefunctionsum.Fortheproductto
categoryassignmentshowninFigure2,andtheinitialfactSalesinFigure3,theresultisshownin
Figure4.Notethatin Sales' ,keysfromlevelProductarereplacedwithkeysfromlevelCategory.
AlsonotethatintheCategorieshierarchy,thecardinalityoftheaggregationrelationshipProduct→ 
Categoryis1-m.However,intheWorkshierarchyinFigure1,thecardinalityoftheaggregation
relationshipCustomer→ Cityism-m,meaningthatacustomermaybeassignedtomorethanone
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city.Therefore,toobtainthetotalsalesmadetoacustomerc
1
whoisworkinginbothMechelenand

Antwerp,thetotalquantitysoldtothecustomerc
1
mustbedistributeduniformlybetweenthetwo

cities.Thisisdoneusingthedistributionfactordf intheabovedefinition.

Dice
TheDiceoperationselectsthefactmembersfromaninputfactthateithersatisfiesaBooleancondition
onmeasurevaluesorlevelattributevalues.Therearetwokindsofconditions,definednext.

Definition 12 (Atomic Conditions on Measure Values).GivenafactF ,andM Mθ ′ andM c  θ ,
atomicconditionsonF ,whereM and ′M aremeasurenamesinF;  θ ∈ =≠ ≤ ≥{ }, , , , , is

abinaryoperator;c dom b∈ ( ) isavalueconstantwhereb isabasetype.Semantically,fora
factmember f F∈ ,M Mθ ' istrueiff f M f M⋅ ⋅ ′θ holds,andM c  θ istrueiff f M c⋅ θ holds.

Conditionscanbedefinedondimensionlevelsassociatedwithafact,asfollows.

Definition 13 (Atomic Condition on Level Attribute Values).  Given a fact F , and
D H LA D H L A
i j
. . . . . .θ ′ ′ ′ orD H LA c

i
. . . ,θ atomicconditionsonattributevaluesfor F ,where

D D
i j
� � �and aredimensionsinF. ;H  and ′H areroll-uphierarchiessuchthatH L D L

b i i
. .= 

and ′ =H L D L
b j j

. . ; A and ′A areattributesoflevels L levels H∈ ( ) and ′ ′∈ ( )L levels H 
respectively;andc dom b∈ ( ) ,whereb isabasetypeandavalueconstant.

Figure 2. Instance of hierarchy categories

Figure 3. Fact sales before roll-up

Figure 4. Fact sales after roll-up
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ForaninstanceF offactF containingfactmembersoftheform l l l l m m
i j m n1 1

, , , , , , , ,… … … …( ) 

where l D L l D L
i i i j j j
∈ ∈. .κ κ�and , the semantics of D H LA D H LA

i j
. . . . . .θ ′ ′  and D H LA c

i
. . . θ  is

definedasfollows:

• D H LA D H LA
i j
. . . . . .θ ′ ′ istrueforafactmember f F∈ iff l L∈ :

∧ ∈ ∧ ∈ ∧ ∈ ∧ =( )∧ ( ) ∈ ∧ =( )∧′ ′l L l L l L f l l k l k l k H f l l k l
i i j j i i i j j

. . . , . . .*
jj
k l k H l A l A. , . . .′ ′ ′ ′( ) ∈ ∧* ¸ holds

• D H LA c
i
. . . θ� istrueforafactmember f F ∈ iff:

∃ ∧ ∈ ∧ =( )∧ ( ) ∈ ∧lL l L f l l k l k l k H l A c
i i i i i

. . . , . * . θ holds

Intuitively,D H LA D H L A
i j
. . . . . .θ ′ ′ ′ istrueforallfactmembersfromF forwhichl

i
andl

j
are

transitivelyconnectedtolevelmembers l and ′l viathehierarchiesH and ′H ,respectively,and
l A l A. .θ ′ ′ holds.Forexample,thequery:For each employee, compute the sales made to customers 
living in the city the employee works in,theconditionwouldbeEmployee.Territories.City.CityName
=Customer.Lives.City.CityName,and itwouldevaluate to trueonly for such factmembers that
coincideattheCitylevelwhentheyroll-uptothem.

Similarly,D H LA c
i
. . . θ istrueforallfactmembersin F forwhichan l F

i
∈ istransitively

connectedtothelevelmembersl L ∈ byfollowinghierarchyH  andl A c. θ holds.Forexample,the
queryCompute the sales of the products belonging to the category Food,isexpressedbythecondition
Product.Categories.Category.CategoryName=“Food”,anditevaluatesto‘True’onlyforthefact
memberswhereSalesKeyis1,2,3,and4(seeFigures3and5).

Definition 14 (Dice).TheDiceoperatorisdefinedas MD F MD
s o
, ,ϕ( ) → ,whereMD

s
isasource

MDstructure;F isafactinMD
s
andhasaninstanceF ;ϕ isapropositionalformulaasin

Definitions12,and13,withlogicaloperators∧ ∨, , and¬ ;andMD
o

isanoutputMDstructure.
Theschemaof ′F isthesameastheoneofF ,anditsinstance ′F is:

′F = f F f f( )∧ ( ){ }ϕ 

Thenewfact, ′F keepsonlythefactmembersformF forwhichϕ holds.Toobtainthe 
sales where the quantity sold was more than five units and products were assigned to the category 
Food,thediceoperationiswrittenasfollows,anditsresultisthesubsetoftheinputfactSales,
showninFigure6.

Figure 5. Instance of level category
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Dice:(SalesDW,Sales,ϕ =Quantity>5∧ Product.Categories.Category.CategoryName=
“Food”)→ Sales' .

Project
The project operation removes a given dimension from a fact. Formally, the project operator is
definedasfollows.

Definition 15 (Project).TheProjectoperationisdefinedas MD F D MD
s j o
, , , ′( ) → ,where

MD
s
 is a MD structure;  F  is a fact in MD

s
; D

j
 is a dimension name in F. ; and

′ = ( ) … ( ){ }′ ′ M M
n n1 1

, , , ,α α  w h e r e  M
i

 i s  a  m e a s u r e  n a m e  i n  F ,  a n d

α
i
sum average count count distinct∈ −{ }, ,min,max, , isanaggregationfunction.Also,if

F. ⊃ ′ ,thenthemeasuresin F ⋅ ′  areremoved.Finally,MD
o

isaresultant
MDstructure.

Given the input fact F  with schema F K O
k

: , ,D M( )  where  = …( )D D
m1

, ,  and

D L card
j j j
∈ = ( ) , ,anditsinstanceF containingmembersoftheform l l l m m

j m n1 1
, , , , , , ,… … …( ) 

where l L
j j
∈ κ ,theschemaandinstanceof ′F isdefinedasfollows:

• ′ ′( )F K O
k

: , ,D �M ,where ′ = … …( )− + D D D D
j j m1 1 1

, , , , ;

• ′ ′ ′= … … …( ) ∈ ( )∧− + ′F k l k l k l k l k m m k dom O
j j m n k

{ , . , , . , . , , . , , ,' '
1 1 1 1

LL l
i i( ) for:

i m i j m x f k f m F f f l l k
x x i i

� � � � � _ ’� (�{� . ,� . � � . .= … ∧ ≠ ∧ = ( ) ( )∧ =( )1 α 

for �� � ,�� �})i m i j= … ≠1 forx n= … ′1, , } .
InDefinition15,theschemaoftheoutputfact ′F issimilartotheinputfactF exceptforthe

removeddimensionD
j
.Intuitively,in ′F ,thedimensioncoordinate l

j
isfirstremovedfromF .

Then,thetupleswiththesamedimensioncoordinatefortheremainingdimensionsaregrouped.After
that,foreachgroup,theinputmeasuresm m

n1
, ,… ′ areaggregatedusingtheircorrespondingaggregate

functions.In ′F , ′k isanewkeyforeachtuple, l k
i
. isadimensioncoordinateofdimensionD

i
,

andm
x
' isanaggregatedvalueofmeasurem

x
,whichiscomputedusingtheaggregatefunctionα

x
.

Notethatthedimensioncoordinatel
j
correspondingtodimensionD

j
doesnotexistinan ′ ′∈f F .

Forexample,theresultofremovingthedimensionDatefromthefactSalesinFigure3byapplying
theProjectoperatorisgiveninFigure7:

Figure 6. Result of dice operation on fact sales
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Project:(SalesDW,Sales,Date, Quantity : sum( ){ } )→ Sales' .

Drill-Across
TheDrill-Acrossoperationlinksdatafromtwofactsthathaveatleastonedimensionincommon.It
isformallydefinedasfollows.

Definition 16 (Drill-Across).TheDrill-Acrossoperationisdefinedas MD F F MD
s a b o
, , ,Ψ( ) → ,

whereMD s_ isaMDstructure;F
a
andF

b
arefactsinMD

s
;andΨ = =( )∧…∧ =( )′ ′D D D Da b

n
a

n
b

1 1


isapropositionalformulasuchthat D D i n D
i
a

i
b

i
a=( ) = … ′, , , ,1 isadimensionnameinF

a
and

D
i
b isadimensionnameinF

b
.

GiventheinputfactschemasF
a

andF
b

,andtheirassociatedinstancesF
a

andF
b

,respectively,
theschemaof ′F anditsinstance ′F aredefinedasfollows:

• ′ ′ ′ ′= ( )F K O
k

: , ,D M where, ′ = ∪  F F
a b
. . ,and ′ = ∪  F F

a b
. .

′
′

=
∪ … …( )∪ … …

F
k f l f l f m f m f l f l f m f

a a m a a n b b m b b
. , , . , . , . . , , . , . ,

1 1 1 1
..

. . , , ,

m

F f F f f D f D i n
n

a a b b a i
a

b i
b

( )( )
( )∧ ( )∧ =( ) = …






 ′for 1










Theschemaof ′F istheunionoftheschemasofF
a

andF
b

.Intheinstance ′F , ′k isthenew
keyandtherestoftheelementsofatupleinF ' aretheunionoftheelementsofthetuplesfromF

a


andF
b

,respectively.Intuitively,thedrill-acrossoperationmergesthefactmembersfromfactsF
a


andF

b
 thathavethesamevalueforallthedimensioncoordinatesprovidedin

c
.Thisoperationis

liketheinnerequijoinoftherelationalalgebra.
Forexample,thefactShipmentshowedinFigure8,storestheshipmentdetailsforeachsaleinthe

factSalesinFigure3.Tocompute the sales quantity and freight paid together,adrill-acrossoperation
canbeperformed.NoticethatdimensionDateisrenamedasOrderDateintheShipmentfact,whereas
theDatedimensionrepresentsthesamedateintheSalesfact.Sincedrill-acrossperformsaunionof
schemaelements,theinformationabouttheorderdatewillbeincludedtwiceintheresultantfact,
oncefromShipmentandoncefromSales.Toavoidthis,theredundantdimensioncanberenamed.
Forthis,aRenameoperationisdefined(detailsareomittedforthesakeofspace).Theresultofthe
drill-acrossoperatorbelowisshowninFigure9:

• Rename:(SalesDW,Shipment,OrderDate=Date)→ Sales' ;

Figure 7. Result of projecting dimension Date from fact Sales
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• Drill-across:(SalesDW,Sales ' ,Shipment,
c

={ (ProductID=ProductID),(Date=Date)} 
� ’’→ Sales .

A FORMAL TeMPORAL MULTIDIMeNSIONAL MODeL

ThissectionextendstheformalMDmodelintroducedintheprevioussection,withtemporalfeatures.
AfterdefiningthedatastructureforthetemporalMDmodel,thetemporalequivalentofroll-upand
diceoperatorsarepresented.Inwhatfollows,thetime domain  isadiscreteandlinearlyordered
setofelementscalledinstants.Instantsareisomorphic(i.e.,structurallysimilar)tothenaturalnumbers.
Aspecialinstantin T �, ,called now denotesthecurrenttimeinstant.Atime interval ι isaconvex
setofinstantsover , anditisrepresentedbytwoboundst

s
andt

e
,denotingitsstartingandending

instants, respectively. This paper uses a closed-open representation of an interval defined as
t t t t t t
s e s e
, { }
 ) = ∈ ≤ < . Given Ω =�{meets, contains, equals, starts, precedes, overlaps, 
covers, disjoint, finishes, succeeds}, asetofsynchronizationconstraints,andthesetofintervals I 
and ′ ∈I  ,I I  ω ′ ,thesemanticsofω ∈ Ω betweenI andI ' istheonedefinedbyAllen’sinterval
algebra(Allen,1983)generalizedforanon-convexsetofintervals(Ladkin,1986).

Thevalueofatemporalattributecanberepresentedasafunctionthatmapseachinstantofthe
timedomaintoavalueofthedomainofitsbasetype.Inparticular,thevalueofanontemporalattribute
canberepresentedasaconstantfunctionthatmapsallinstantsofthetimedomaintoasinglevalue
inthedomainofitsbasetype.However,thisrepresentationmustbegeneralizedwhentheattributeis
bitemporal.Inthiscase,thevalueofabitemporalattributecanbeafunctionthatmapseachinstant
inthetimedomainofonetemporality,saytransactiontime,toafunctionthatmapseachinstantin
thetimedomainoftheothertemporalitytoavalueofthedomainofitsbasetype.

Definition 17 (Temporal Domain of an Attribute).ThetemporaldomainofanattributeA with
basetypeb andtemporalityT VT TT⊆ { }, ,denoted tdom A( ) ,isdefinedasfollows:

υ υ t c t c dom b ifT( ) = ∀ ∈ ∈ ( ){ } =∅, , , 

υ υ : , → ( ){ }dom b ��� �if T = 1 

Figure 8. Fact shipment storing the freight for each sales transaction

Figure 9. Result of drill-across operation on fact sales and shipment
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υ υ : , → → ( ){ } =dom b if T 22 

Example 9.Consideraproduct’spricerepresentedasabitemporalattribute,whosevalidtimevalue
was15€during t t

1 5
, ) ;assumethiswasstoredinthesystemfromt

2
onwards(transactiontime).

Att
10

,itwasrealizedthatduring t t
1 5
, ) ,thevalidpricehasbeen10 .Thefunctions ′ ( ) =v t 15 

and ′′ ( ) =v t 10 ,t t t
1 5
≥ < representthevalidtimevalueoftheattribute.Further,thefunction

v t v t t t( ) = ≥ ≤′,
2 10

and v t v t t( ) = ≥′′,
10

givesthevalidtimevaluesknowntothesystem
beforeandafter t

10
.

Alevelmayhavebothtemporalandnontemporalattributes.Also,amemberofatemporallevel
hasalifespan,thatisthetimeduringwhichitexists.Thelifespanofeachlevelmemberisasubset
ofthetimedomain.Thelifespanofanontemporallevelmembercoversthecompletetimedomain.
Furthermore,amember’slifespancanbeasetofconsecutiveinstants,makingitoneinterval,or
mayhavegapsbetweenthetwoinstants,makingitasetofintervals.Also,foranattributewithVT
temporality,thevalidtimevaluemustbedefinedthroughoutamember’slifespan.

D e f i n i t i o n  1 8  ( L e v e l  S c h e m a ) .  T h e  s c h e m a  o f  a  l e ve l  i s  d e f i n e d  a s
L A O A O T A O T T

k k n n n L
: , : , , : ,

1 1 1( ) … ( )( ) ,whereListhelevelname;A
k

isthenameofthe

keyattributeandithasthebasetypeO
k

;eachA i n
i
, , ,= …1 ,isanattributenameandithas

thebasetypeO
i
,andT VT TT

i
⊆ { }, arethetemporalitytypesassociatedwithA

i
.Also,all

attributenamesareunique in L .Furthermore, if A
i
 isnontemporal, thenT

i
= ∅ .Finally,

T LS LS
L i s
∈ { }, isthetemporalityofL andifitisanontemporallevel,thenLT

L
. = ∅ .

Example 10.TheschemaoflevelProductis:

Product ProductID Integer ProductName String UnitPrice D: , : , :∅( ) eecimal VT T LS
L i{ }( ) =( ), 

Definition 19 (Level Instance).AninstanceL ofalevelL ∈  isasetoflevelmembersdefinedas:

L k a a ls k dom A a tdom A i n ls l
n k i i

⊂ × ×…× × ∈ ( )∧ ∈ ( ) = … ∧ ⊆{ }∪{ }1
1, , , ,  

where l{ } isthedefaultmemberof L .Also,if LT
L

. =∅ ,then l ls l L. , ,= − +( ) ∀ ∈∞ ∞ ,andif
LT LS

L i
. = , then l ls.  is a convex set. Furthermore, for each attribute l A.  such that
VT l AT dom l A l ls∈ ( ) =. . , . . . Also, L  satisfies the key constraint as in Definition 2. Finally,
lifespan k k L( ) ∈, κ ,givesthelifespanand δ k Atemp t, . ,( ) givesthevalueofattributeA offor
temporalitytype temp atinstant t k�of�the�level�member�with�the�key� .

Example 11.Considerproductp
1

,introducedatinstantt
1
withunitprice10 ,belongingtocategory

c
1
.Att

2
,theunitpricechangedto15 ,att

3
itwasassignedtocategoryc

2
,andatt

4
,itwas

discontinued.Finally, theproductwas reintroducedat t
6

with theunit price 18 , and it is
available forsellinguntil today.Theevolutionof p

1
and the instanceof levelProductafter

evolutionareshowninFigure10andFigure11,respectively.
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Atemporalaggregationrelationshipbetweenachildandaparentlevelisafunctionthatmaps
eachinstantofthetimedomaintoarelationbetweenthemembersofthechildandparentlevels.
Foranontemporalaggregationrelationship,thisfunctionmapsallinstantsinthetimedomainto
afixedrelationbetweenthemembersofthechildandparentlevels.Theinstanceofabitemporal
aggregationrelationshipisafunctionthatmapseachinstantofthetimedomainofonetemporality,
saytransactiontime,toafunctionthatmapseachinstantofthetimedomainoftheothertemporality
toarelationbetweenthemembersofthechildandparentlevels.Inadditiontoasynchronization
constraint,theaggregationrelationshipinstancemustensurethatachildmemberisassociatedwith
aparentmemberthroughoutitslifespan.Furthermore,bothachildanditsparentmustexistateach
instantinthevalidityintervalofarelationship.

Definition 20 (Aggregation Relationship Schema).AnaggregationrelationshipR isdefinedby
R L L card T

c p
, , , ,ω( ) ,whereR istheaggregationrelationshipname;L L

c p
, ∈  arethechild

andparentlevels,respectively,card Card ∈ specifiesthecardinalitybetweenthechildlevelL
c


and the parent level L

p
 at each instant of the time domain,T VT TT� ,�⊆ { }  specifies the

temporalityof R  and if R  is nontemporal, thenT   =∅ , each ω ∈ Ω  is a synchronization
constraint,andifL

c
orL

p
isnontemporal,thenω =∅ .

Example 12.The schemaof the temporal aggregation relationshipsbetween levelsProduct and
CategoryisCategories(Product,Category,m-1,{ VT} ,overlaps).

Definition 21 (Aggregation Relationship Instance). Given the set Π = …R R
i n
, , }  such that

Π ⊂ ×( ) L L
c pº º andeachR

i
∈ Π isarelationbetweenmembersoflevelsL

c
andL

p
asin

Definition4,anaggregationrelationshipinstanceofschemaR L L card T
c p
, , , ,ω( ) ,denotedρ

R
,

isasfollows:

ρ
R
t R t R ifT( ) = ∀ ∈ ∈ = ∅, , , Π 

ρ
R

i: , → Π ff T�� = 1 

ρ
R

if T: , → → =Π 2 

Figure 10. Timeline of product evolution

Figure 11. Instance of level product with nontemporal attribute ProductName and temporal attribute UnitPrice
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Furthermore, ∀( ) ∈ ( ) ∈ ∈ ( )′ ′ ′l l t t l ls and t l ls lifespan l lifespan
R

, , . . .ρ ω ll( ) issatisfied.Also,
thevalueoffunctionρ

R
atinstant t iscalledthestateoftherelationshipat t .

Example 13.Forproduct p
1

,theaggregationrelationshipinstanceρ
Categories

∈  is:

t t p c t t p c t now p c
1 3 1 1 3 4 1 2 6 1 1
, , , , , , , , , , ,
 ) ( )( )  ) ( )( )  ) ( )(( ){ } 

TheinstanceoftheaggregationrelationshipCategoriesat t
2

is:

ρ
Categories default default

t p c p c
2 1 1( ) = ( )… ( ){ }, , , 

Atemporalroll-uphierarchyhasatleastonetemporalaggregationrelationship.Anontemporal
hierarchyconsistsofnontemporalaggregationrelationshipsonly.Thestateofatemporalhierarchy
ataninstantcanbeobtainedfromthestateofitsconstituentaggregationrelationshipsatthatinstant.
Anontemporalhierarchyhasthesamestateforallinstantsinthetimedomain.

Definition 22 (Roll-Up Hierarchy Schema).Theschemaofaroll-uphierarchyH isthesameas
inDefinition5.However, each H R i n

i
. , , ,' = …1 , is an aggregation relationshipnameas in

Definition20.
Definition 23 (Roll-Up Hierarchy Instance).Theinstanceofaroll-uphierarchyH  isgivenby
H

R Rn
= ∪…∪ρ ρ

1
,whereeachρ

Ri
i n, , ,= …1 ,isaninstanceoftheaggregationrelationship

H R
i

. .Furthermore,theinstanceofH ataninstant t isH t t
t R Rn
= ( )∪…∪ ( )ρ ρ

1
,andH

t
* ,

calledthestateofH  at t ,isthetransitiveclosureofH
t
asinDefinition6.

Example 14. An instance of the Categories hierarchy at an instant t
1

 is Categories
t1

 =

p c p c p c p c
n n1 1 2 1 3 1

, , , , , , , , ,( ) ( ) … ( ) … ( ){ } . The current instance of the same hierarchy is

Categories
now

= p c p c p c p c
n n1 2 2 2 3 1

, , , , , , , , ,( ) ( ) … ( ) … ( ){ } .Noticethattheproductp
1

isassigned

tothecategoryc
2

now.

Ifamemberofatemporallevelisrelatedtoafactmember,thenanoptionalfactsynchronization
constraintensuresthatthislevelmemberexistsatthetimeofthefactoccurrence.Usually,foreach
factmember,thetimeofafactoccurrenceisgivenbyanattributeofanotherrelatedlevelmember.

Definition 24 (Fact Schema).Afact F isdefinedby F K O
k

: , , ,D M C( ) ,where F isthefact
name,andK, ,and arethesameasinDefinition7.Theset = …{ }C C

n1
, , definesfact

synchronizationconstraintsandeachC i n
i
∈ = …, , ,1 ,isapairC D D A

i
, .′( ) suchthatD 

andD ' aredimensionsin ,and ′D A. isanattributein ′ ′D L. .ThekeynameK ,adimension
nameD ,ameasurenameM ,andafactsynchronizationconstraintnameC areuniqueinF .

Example. The schema of fact Sales is the same as in Example 7. It also includes a set of fact
synchronization constraints  = ( ){ }Product_SalesDate Product SalesDate.Date, . The
constraintProduct_SalesDate ensuresthateachproductexistsonthedateofthesale.

Definition 25 (Fact Instance).AfactinstanceF ∈  isasetoffactmembersasinDefinition8.
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Additionally, F satisfiesallfactsynchronizationconstraintsin  andaC D D A, .′( ) ∈   is
satisfiediff:

∀ ∈ ∃ ∈ ∧ ∃ ∈ ∧ = ∧ = ∧ ∈′ ′ ′ ′ ′ ′f F l D L l D L f l l k f l l k l A l ls, . . . . . . . . 

Definition 26 (Temporal Multidimensional Schema). A temporal multidimensional schema is
definedbyS L R H F, , ,( ) ,where istheschemaname; = …{ }L L

n1
, , isasetoftemporal

andnontemporallevels,andalllevelnamesareuniquein andhavethesamebasetypeO
k


forthekeyattributeA

k
; = …{ }R R

m1
, , isasetoftemporalandnontemporalaggregation

relationships,andallrelationshipsnamein areunique; = …{ }H H
n1

, , isasetoftemporal
andnontemporalhierarchies,andallhierarchynamesin areunique;and = …{ }F F

n1
, , 

isasetoffacts,andallfactnamesin areunique.
Definition 27 (Temporal Multidimensional Instance). Given a schema S L R H F, , ,( )  as in

Definition 26, a temporal MD instance   of   is defined as I L R H F, , ,( ) , where
 = …{ }L L

n1
, , isasetoftemporalandnontemporallevelinstances, = …{ }R R

m1
, , isa

setoftemporalandnontemporalaggregationrelationshipinstances, = …{ }H H
n1

, , isaset
oftemporalandnontemporalhierarchyinstances,and = …{ }F F

n1
, , isasetoffactinstances.

ThetemporalMDmodelcanbeusedregardlessthefactthatoperationaldatasourcesaretemporal
ornontemporal.Ifauserdoesnotwishtouseanytemporalfeature,thenthemodelbehaveslikea
traditionalMDmodel.Incasewheredatasourcesaretemporal,itisstraightforwardtoloaddataand
maintainthehistoryintheDW.Ifdatasourcesarenontemporalanditisintendedtokeepthehistory
ofchangesintheDW,thentheETLprocessesmustbedesignedtotakeintoaccountthecurrentstate
ofamemberorarelationship,andrecordthenewstateaccordingly.

Temporal OLAP Operations
Thissectionintroducesaformalsyntaxandsemanticsforthetemporalequivalentsoftheroll-upand
diceoperators,whichareassociatedwiththeformalmodelpreviouslyexplained.

Temporal Roll-Up
Thetemporalroll-upislikethetraditionaloneexceptthatitmustconsiderthestateoftheroll-up
hierarchyataspecificinstant.Dependingontheinstantconsideredforobtainingthestateofthe
hierarchy, the operation is called temporally consistent or time-slice roll-up. In the temporally
consistentroll-up,foreachfactmember,thestateoftheroll-uphierarchyisobtainedataspecific
instant,typicallyaninstantwhenafactoccurredinthebusinessworldandtheinstancevalueisprovided
bytheattributeofanotherdimension.Formally,atemporallyconsistentroll-upisdefinedasfollows.

Definition 28 (Temporally Consistent Roll-Up).TheTemporallyconsistentroll-upisdefinedas
MD F D H D A MD

s j o
, , , , . ,Ä

′( ) → ,whereMD
s
 isasourcetemporalMD datastructure,F 

isafactnameinMD
s
,D

j
isadimensioninF. ,H isahierarchysuchthatH L D L

b j j
. .= ,

D AÄ.  is  an attr ibute name in level D L. Ä  where Dτ  is  a dimension in F. ,
′ = ( ) … ( ){ }′ ′ M M

n n1 1
, , , ,α α  where � , , ,M i n

i
= … ′1 , is a measure name in F , and

α
i
sum average count count distinct∈ { }, , min, max, , -  is an aggregation function. Also, if
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F. ⊃ ′ ,thenthemeasuresinF ′ areremoved.Finally,MD
o
 isanoutputtemporal

MD database.

GiventheinputfactF withtheschemaF K O D L card
k j j j

: , , , ,D M D( ) ∈ = ( )�where� and
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d d d d m m
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Intheabovedefinitionof F' ,foreachfactmember f F∈ , thedimensioncoordinate f D. τ 
specifiesthetimeinstantatwhichthestateofthehierarchyH shouldbeobtained.Foreach f F∈ ,
first,thestateofthehierarchyH

l Aτ .
attheinstantl AÄ. isobtained,andthensimilartothenon-temporal

roll-up,allfactmembersareaggregatedusingthehierarchyinstanceH
l AÄ.

.
TheTime-sliceroll-upaggregatesmeasures,forallfactmembers,usingthesamestateofhierarchy

obtainedatafixedinstant t .Theformaldefinitionisomittedforthesakeofspace.Theexamples
nextillustratebothoperations.

Example 16.Asanexampleofthetemporallyconsistentroll-up,thequery:Compute the total quantity 
sold, aggregated by category, considering the product-category assignment valid at the time of 
sales,isexpressedasfollows:
◦ Temporallyconsistentroll-up:(SalesDW,Sales,Product,Categories,Date.Date,{ Quantity:

sum} )→ Sales ’.

ForExample11,theresultofthetemporallyconsistentroll-upovertheSalesfactinFigure3is
showninFigure13.Intheresultingfact,thesalesofeachproductareaggregateduptothecategory
towhichitbelongedatthetimeinDate.

Asanexampleofthetime-sliceroll-up,considerthequery:the total quantity sold, aggregated 
by category, using the product-category assignment valid nowisexpressedas:

• Time-sliceroll-up:(SalesDW,Sales,Product,Categories,now,{ Quantity:sum} )→ Sales' .

ConsideringExample11,theresultoftheaboveoperationoverthefactSalesinFigure3,is
showninFigure14.AsdepictedinFigure12,thesalesofproductp

1
areaggregatedtocategoryc

2
.

Toensuresummarizabilityinatemporalrollup,thetemporalgranularityoft or f D. Ämustbeless
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thanorequal to the temporalgranularityofall temporalaggregationrelationshipsof the roll-up
hierarchyH .

Temporal Dice
Likeinthenontemporalcase,theTemporalDiceoperatorreducesagivenfacttoasub-factbased
onaBooleanconditiononmeasurevaluesandattributevaluesoftheconnectedlevels.Also,asin
thecaseoftheroll-up,therearetwopossibilities.Forexample,considerthequery:Sales of products 
that are assigned to category c

2
and have a price higher than 10 .For theconditionover the

category,eitherofthetwointerpretationsexplainedforthetemporalroll-upcase,couldbeapplied.
Further,sincethepriceofaproductmayalsochangeovertime,thetime-sliceandtemporallyconsistent
descriptionapplytothepricemeasureaswell.Tobeabletoapplyaselectiononatemporalattribute
value,thefollowingconditionsareused.

Definition 29 (Time-Slice Atomic Condition on Temporal Attribute Values).GivenafactFand
atimeinstant t D H LAtemp D H L A temp

i j
, . . . . . . . .θ ′ ′ ′ orD H LAtemp c

i
. . . . θ isatemporalatomic

conditiononfactF,whereD
i
andD

j
aredimensionsinF. ,H andH ' arenon-temporal

ortemporalhierarchiessuchthatH L D L
b i i

. .= and ′ =H L D L
b j j

. . ,A andA ' areattributes
oflevelsL levels H∈ ( ) and ′ ′∈ ( )L levels H ,respectively,andc dom B∈ ( ) ,suchthatB is
abasetypeandavalueconstant.

GiventheinstanceF ofF containingfactmembersoftheform l l l l m m
i j m n1 1

, , , , , , , ,… … … …( ) 

where l D L
i i i
∈ . κ  and l D L

j j j
∈ . κ , the semantics of D H LAtemp D H L A temp

i j
. . . . . . . .θ ′ ′ ′  and

D H LAtemp c
i
. . . . θ areasfollows:

Figure 12. The instance of categories valid now

Figure 13. Fact sales after temporally consistent roll-up to level category using categories hierarchy at SalesDate

Figure 14. Fact sales after time-slice roll-up to level category using categories hierarchy valid now
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• TheconditionD H LAtemp D H L A temp
i j
. . . . . . . .θ ′ ′ ′ istrueforfactmember f F∈ iff:

l L l L l L l L f l l k l k l k H f l l k
i i j j i i i t j j

∈ ∧ ∈ ∧ ∈ ∧ ∈ ∧ =( )∧ ( ) ∈ ∧ =′ ′ . . . , . . .* (( )
∧( ) ∈ ∧ ( ) ( )′ ′ ′ ′l k l k H l k Atemp t l k A temp t

j t
. , . . , . , . , . ,* δ θδ

holds

• TheconditionD H LAtemp c
i
. . . . θ istrueforfactmember f F∈ iff:

l L l L f l l k l k l k H l k Atemp t c
i i i i i t

∈ ∧ ∈ ∧ =( )∧ ( ) ∈ ∧ ( ). . . , . . , . ,* δ θ holds

Thefirstcondition is trueforall factmembersfrom F  forwhich l
i
and l

j
are transitively

connectedatinstant t tolevelmembers l and l ' viahierarchiesH andH ' ,respectivelyand θ 
holdsbetweenthevaluesofattributes l A. and ′ ′l A. atinstant t .Similarly,thesecondconditionis
trueforallfactmembersforwhich l

i
istransitivelyconnectedtolevelmember l atinstant t via

hierarchyH ,andθ holsbetweenthevalueoftemporalattribute l A. atinstanttandc.
Forexample,Product.Categories.Price.UnitPrice.VT> 10onfactSalesatinstantnowistrue

forallfactmembersthathaveaproductwiththecurrentpricehigherthan 10 .Thetemporally
consistentequivalentoftheaboveconditionisthesame,exceptthatforall f F∈ ,theconditionis
evaluated at an instant provided by dimension coordinate f D. τ . For example, given fact Sales,
temporally consistent condition Product.Categories.Price.UnitPrice.VT> 10  on fact Sales with
DÄ= Dateistrueforfactmembershavingaproductwithapricehigherthan10 onthedateof
thesale.

Definition 30 (Temporal Dice).TheTemporalDice isdefinedas MD F MD
s o
, ,ϕτ( ) → ,where

MD
s
isaninputMDdatabase,F isafactinMD

s
andhasinstanceF ,ϕτ isapropositional

formulaanditconsistsofatomsasinDefinitions12,13and29,andlogicaloperators∧ ∨, , 
and  ¬ ,andMD

o
isanoutputtemporalMDstructure.TheschemaofF ' isthesameasF and

itsinstanceF ' isdefinedasfollows:

′ = ( )∧ ( ){ }F f F f fϕτ 

Toobtainthesalesoftheproducthavingapricemorethan10€andassignedtocategoryc
2

at
thetimeofsales,thefollowingoperationcanbeused.

TemporalDice:(SalesDW,Sales,ϕτ =Product.Categories.Price.UnitPrice.VT> ∧� ��10 Product.
Categories.Category.Categoryname=‘Food’)→ Sales' 

GiventheproductinstancefromFigure11,theresultoftheaboveoperationoverfactSalesfrom
Figure3isshowninFigure15.
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IMPLeMeNTING A TeMPORAL DATA WAReHOUSe 
IN ReLATIONAL DATABASeS

TheSQL-2011standard includessometemporal features(cf.RelatedWork).Therefore,vendors
havestartedtoprovidelimitedsupportforthesefeaturesintheirRDBMSs(Al-Kateb,etal.,2013).
However,mostDWareimplementedovernon-temporalRDBMS.Inaddition,experienceshowsthat
temporalextensionstodatabasesareseldomused,andfailedtogainpublicacceptance,whichsupports
theideaofusingstandardSQLtoimplementtemporalOLAPoperations(Wang&Zaniolo,2000;
Wang,Zaniolo,&Zhou,2005).Therefore,itseemsreasonabletoimplementtemporalrelationalDW
overtraditionalRDBMS.Alongtheselines,thissectionshowsatranslationfromtheformaltemporal
MDmodeltoarelationalschema.Overthismodel,itisshownthroughacomprehensiveexample,
howtheformaltemporalOLAPoperationsintroducedintheprevioussection,canbeconvertedto
temporalrelationaloperationsandimplementedinstandardSQL,withoutthein-builtsupportfor
temporaloperations(liketheonesprovidedinSQL-2011).

Relational Schema Mapping
Figure16showstherelationalrepresentationoftheschemashowninFigure1.Thetranslationis
explainednext:

• Level Mapping: A level L ∈  , provided it is not related to a fact with a one-to-one
relationship, ismappedtoatablethatcontainsallnontemporalattributesofthelevel.A
surrogatekeyisaddedastheprimarykeyofthetable.Eachtemporal attributeofthelevel
ismappedasaseparatetable.Thistablecontainstheprimarykeyofthelevel,thevalue
attribute,andtwoattributesFromDateandToDatetoassociatetheintervalforstoringthe
evolutionofthevalue.Thekeyofthetableiscomposedoftheprimarykeyoftheleveland
FromDate. For example, level Product is mapped to the table with the same name. The
temporal attribute UnitPrice of level Product is mapped to table ProductUnitPrice. The
mappingoflifespandependsonwhetheritisaninterval(LS

i
)orasetofintervals(LS

s
).

Intheformercase,twoattributesFromDateandToDateareaddedtothetablecorresponding
tothelevel.Inthelattercase,anadditionaltableiscreatedtostorethelevel’slifespan,and
itcontainstheprimarykeyofthelevelandtwoattributesFromDateandToDate.Forexample,
thelifespanoflevelProductisstoredintableProductLifespanbecauseitisanintervalset.
Ontheotherhand, the lifespanofcategories iscapturedbytheattributesFromDateand
ToDateoftableCategorybecauseitisaninterval;

• Fact Mapping:AfactF ∈  ismappedtoatablethatincludesasattributesallmeasuresof
thefact.Further,asurrogatekeyisaddedtothetable.Inaddition,ifthefacthasanassociated
synchronizationconstraint,atriggermaybeaddedtoensurethattheconstraintissatisfiedfor
allfactmembers.Notethatadditionalattributesareaddedtotablescorrespondingtoaleveland
afactwhenmappingrelationships.Asanexample,applyingtheaboverulestothefactSales
results ina table thatcontains thesurrogatekeysofall levels,aswellas thecorresponding
referentialintegrityconstraintsandtriggerstoensurefactsynchronizationconstraints;

Figure 15. Result of temporal dice operation on fact sales
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• Relationship Mapping:Arelationshipbetweeneithera fact F  anda level L ,orbetween
parent-childlevelsL

p
andL

c
canbemappedinthreedifferentways,dependingonitscardinality:

◦ Iftherelationshipisone-to-one,thetablecorrespondingtothefactortothechildlevelis
extendedwithalltheattributesofthelevelortheparentlevel,respectively;

◦ Iftherelationshipisone-to-many,thetablecorrespondingtothefactortothechildlevelis
extendedwiththesurrogatekeyofthetablecorrespondingtothebaselevelortheparentlevel,
respectively,thatis,thereisaforeignkeyinthefactorchildtablepointingtotheothertable;

◦ Iftherelationshipismany-to-many,anewbridgetableiscreatedthatcontainsasattributesthe
surrogatekeysofthetablescorrespondingtothefactandthedimensionlevel,ortheparent
andchildlevels,respectively.Thekeyofthetableisthecombinationofbothsurrogatekeys.

Further,iftherelationshiphasanassociatedsynchronizationconstraint,atriggermaybeadded
toensure that theconstraint is satisfiedbyall instancesof the relationship.Since time-invariant
surrogatesidentifylevelmembers,thismappingdoesnotdependonwhetherthelevelsaretemporal
ornot.Forexample,themappingoftheparent-childrelationshipbetweenlevelsProductandCategory

Figure 16. Relational representation of the example data warehouse
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givesthetableProductCategory.Theinstanceofhierarchiescanbeobtainedbyjoiningtheconstituent
relationshipinstances;therefore,wedonotneedtomapitexplicitly.However,thedatadictionary
mayincludethehierarchyschemathatcanbeexploitedbyanapplicationtogeneratetheSQLto
obtainthehierarchyinstancesautomatically.

• Consistency Constraints: Many constraints must enforce the semantics of time and data
integritywhenimplementingatemporaldatawarehouseoverarelationaldatabase.Whenever
possible,theseconstraintsareappliedasexplicitintegrityconstraints;otherwise,triggersare
used.ConsiderthetablesforlevelProductinFigure16,i.e.,tablesProduct,ProductLifespan,
ProductUnitPrice,andProductCategory.Severalconstraintsmustbedefinedonthesetablesto
ensuredataintegrity.Someoftheseconstraintsare:
◦ TheintervaldefinedbyFromDateandToDatemustbevalid;
◦ Thelifespanofamembershouldbeauniquetuple;and
◦ Alllifespanintervalsofamembershouldbedisjoint.

Thefirsttwoconstraintscanbeimplementedviatwocheckconstraints,andthethirdoneis
enforcedviaatrigger.Similarly,triggersarealsorequiredtoensureadditionalconstraintssuch
asatemporalattribute’svaluemustbedefinedforeachinstantinamember’slifespan;andfor
temporalparent-childrelationships,thelifespanofarelationshipinstancemustbecoveredbythe
intersectionofthelifespansoftheparticipatingmembers.Atriggercanalsobeusedtoensure
thatthelifespanofachildmemberisequaltotheunionofthelifespansofitslinkstoallparent
members.Further,temporalparent-childrelationshipsmustsatisfyaconstraintstatingthatthe
lifespanofarelationshipinstancemustbecoveredbytheintersectionof thelifespansof the
participatingmembers.Atriggerensuresthisconstraintfortherelationshipbetweenproducts
andcategoriesforthelifespanofproducts.

Temporal Relational Operations
Querying time-varying data in a relational schema requires extending the traditional relational
operations. A detailed explanation of these operations can be found in (Snodgrass R. T., 1999)
(Ahmed,Zimányi,&Wrembel,2015)(Zimányi,2006).Forcompleteness,ashortdescriptionof
theseextensionsofthetemporaloperatorsisgivennext.

The temporal selection is like the traditional one, except that the selection predicate
mayincludeaconditiononthetimeintervalduringwhichatemporalattributeoratemporal
relationship is valid. A particular case of temporal selection is a time-slice that returns the
tuplesofarelationvalidatagiveninstant.Thetemporal projectionreturnsasetofcomputed
attributes with an associated time interval from a relation and often requires coalescing the
value-equivalenttuples.Thetemporal coalescingmergestogetherthetuplesthathavethesame
non-temporalattributevaluesbuthaveeitheradjacentoroverlappingassociatedintervals.The
resultisasingletuplerepresentingtheintervalduringwhichthevalueisvalid,obtainedfrom
the temporal coalescing.The temporal joinmerges the tuplesof joining relations if the join
conditionismet,andthejoinedrecordsaretemporallycoincidentduringthegivenperiod.The
temporal unionisequivalenttothetraditionalrelationaloneandreturnsthesetunionoftwo
relations.Thetemporal differenceoperationistypicallyusedtofilteroutinformationfroma
supersetofpotentialanswers.

Querying a Temporal Data Warehouse in SQL
ThissectionshowsexamplequeriesaddressingtheexampletemporalDW.Someofthesequeries
usethetemporalrelationaloperationsfromtheprevioussection.



International Journal of Data Warehousing and Mining
Volume 16 • Issue 4 • October-December 2020

136

Query 1.ComputetheaveragesalesbycategoryasofJanuary1st,1997.

Thisisatime-sliceroll-upquery,whichrequiresaggregatingthesalesusingthestateofthe
CategoriesvalidonJanuary1st,1997.ThequeryreadsinSQL:

SELECT       C.CategoryName, AVG(S.SalesAmount) as AvgSalesAmount 
FROM         Sales S, Product P, ProductCategory PC, Category C 
WHERE        S.ProductKey = P.ProductKey 
AND          P.ProductKey = PC.ProductKey 
AND          PC.CategoryKey = C.CategoryKey 
AND          PC.FromDate <= ‘1997-01-01’ AND ‘1997-01-01’ < PC.ToDate 
GROUP BY     C.CategoryName

TheSQLqueryperformsajoinofthetablesSales,Product,ProductCategory,andCategory
toextracttheproducttocategoryassignmentvalidattherequesteddate.Then,thesalesofeach
categoryareaggregatedusingtheaveragefunctiontoobtaintheaveragesalesamountpercategory.

Query 2.Calculatethetotalsalesamountpercustomer,year,andproductcategory.

This query performs the traditional roll-up using the Calendar hierarchy, and a temporally
consistentroll-upusingtheCategorieshierarchy.Thetemporallyconsistentroll-upconsidersthe
stateofCategorieshierarchiesvalidontheSalesDate.TheSQLqueryisexpressedas:

SELECT         C.CompanyName, D.Year, A.CategoryName, 
               FORMAT(SUM(SalesAmount), ‘$###,##0.00’) AS SalesAmount 
FROM           Sales S, Customer C, Date D, Product P,  
               ProductCategory PC, Category A 
WHERE          S.CustomerKey = C.CustomerKey AND S.OrderDateKey = D.DateKey  
AND            S.ProductKey = P.ProductKey AND P.ProductKey = PC.ProductKey  
AND            PC.CategoryKey = A.CategoryKey  
AND            PC.FromDate <= D.Date AND D.Date < PC.ToDate 
GROUP BY       C.CompanyName, D.Year, A.CategoryName

The query considers that the assignment of products to categories varies in time. These
assignmentsarestoredintableProductCategory.ThelastlineoftheWHEREclauseensuresthat
productsarerolleduptothecategorytheywereassociatedwith,attheorder date.

Query 3.Listthepersonalsalesamountmadebyanemployeecomparedwiththetotalsalesamount
madebyherselfandhersubordinatesduring1997.

Thisqueryissomehowmoreinvolvedandrequiresadetailedexplanation.First,adiceonthe
Salesfactisperformed,tokeeponlythesalesmadein1997.Then,atemporallyconsistentrecursive
roll-upisappliedonthedicedfact,toobtainthesalesofeachsupervisor.Also,thesalesofeach
employeein1997,regardlessofthesupervisor,arecomputedbyprojectingallotherdimensionsexcept
Employeefromthedicedfact.Finally,thesalesofsupervisorsandemployeescanbecombinedina
singlefactusingadrill-acrossoperation.Notethattheroll-upoperatorinthispaperdoesnotinclude
thesemanticsofarecursiveroll-up.However,sucharoll-upcanbeachievedbycombiningaseries
ofroll-upoperations,eachforalevelintherecursivehierarchy.TheSQLqueryis:
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WITH Supervision AS ( 
     SELECT        EmployeeKey, SupervisorKey, FromDate, ToDate 
     FROM          EmployeeSupervision 
     WHERE         SupervisorKey IS NOT NULL 
     UNION ALL 
     SELECT        E.EmployeeKey, S.SupervisorKey, 
                   dbo.MaxDate(S.FromDate, E.FromDate) AS FromDate, 
                   dbo.MinDate(S.ToDate, E.ToDate) AS ToDate 
     FROM          Supervision S, EmployeeSupervision E 
     WHERE         S.EmployeeKey = E.SupervisorKey AND 
                   dbo.MaxDate(S.FromDate, E.FromDate) < 
                   dbo.MinDate(S.ToDate, E.ToDate)), 
SalesByEmp1997 AS ( 
     SELECT        EmployeeKey, SUM(S.SalesAmount) AS SalesAmount 
     FROM          Sales S, Date D 
     WHERE         S.OrderDateKey = D.DateKey AND D.Year = 1997 
     GROUP BY      EmployeeKey), 
SalesBySubord1997 AS ( 
     SELECT        SupervisorKey AS EmployeeKey, 
                   SUM(S.SalesAmount) AS SalesAmount 
     FROM          Sales S LEFT OUTER JOIN Supervision U ON 
                   S.EmployeeKey = U.EmployeeKey JOIN Date D ON 
                   S.OrderDateKey = D.DateKey 
     WHERE         D.Year = 1997 AND 
                   ((U.FromDate <= D.Date AND D.Date < U.ToDate) OR 
                   U.FromDate IS NULL) 
     GROUP BY      SupervisorKey) 
SELECT FirstName + ‘ ’ + LastName AS EmployeeName, 
       FORMAT(S1.SalesAmount, ‘$###,##0.00’) AS PersonalSales, 
       FORMAT(ISNULL(S1.SalesAmount + S2.SalesAmount, S1.SalesAmount), 
       ‘$###,##0.00’) AS PersSubordSales 
FROM Employee E JOIN SalesByEmp1997 S1 ON 
     E.EmployeeKey = S1.EmployeeKey LEFT OUTER JOIN 
     SalesBySubord1997 S2 ON S1.EmployeeKey = S2.EmployeeKey 
ORDER BY EmployeeName

ThefirsttemporarytableSupervisioncomputesthetemporaltransitiveclosureofthesupervision
relationshipusingawitharecursivequery.ThesecondtemporarytableSalesByEmp1997computes
the total sales by employee during 1997 regardless the supervisors. The third temporary table
SalesByEmpSup1997calculatesthetotalsalesbyemployeeandsupervisorduring1997.Thisrequires
atemporaljoinbetweentheEmployeeSupervisiontableandtherecursiveviewSupervision.Themain
queryiscomposedoftheunionoftwoqueries.Thefirstonecomputespersonalsalesandthetotal
salesamountforsupervisors.Forthis,theinnerqueryintheFROMclausecomputesthetotalamount
madebythesubordinatesofanemployee,andtheadditionaljoinwiththetableSalesByEmp1997
isusedtoobtainthetotalsalesofasupervisorinordertoaddthetwoamounts.Finally,thesecond
queryintheunionretrieves,fromtheSalesByEmpSup1997,thedataoftheemployeeswhohadno
supervisorduring1997.

Query 4.Foreachemployee,computethetotalsalesamountoftheproductsshesold,withunitprice
higherthan30€atthetimeofthesale.
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Sincetheunitpriceofproductsisatemporalattribute,atemporaldiceovertheSalesfactis
usedtokeeponlythesalesoftheproductthathaveapricehigherthan30€atthetimeofthesale.
Then,allotherdimensionsexceptemployeesareprojectedfromthedicedfact.Thequerycanbe
writteninSQLasfollows:

SELECT      FirstName + ‘ ’ + LastName AS EmployeeName, 
            FORMAT(SUM(SalesAmount), ‘$###,##0.00’) AS SalesAmount 
FROM        Sales S, Date D, Employee E, Product P, ProductUnitPrice U 
WHERE       S.OrderDateKey = D.DateKey AND S.EmployeeKey = E.EmployeeKey AND 
            S.ProductKey = P.ProductKey AND P.ProductKey = U.ProductKey AND 
            U.UnitPrice > 30 AND U.FromDate <= D.Date AND D.Date < U.ToDate 
GROUP BY    FirstName + ‘ ’ + LastName 
ORDER BY    FirstName + ‘ ’ + LastName

ThetemporalattributeUnitPriceoflevelProductisstoredintableProductUnitPrice.Thequery
firstperformsa temporalselectionover thepriceand thengroups theresultsbyanemployee to
computethetotalsalesamount.

Query 5.Computethetotalsalesamountbysupervisor.

Inthisquery,atemporaldiceifperformedfirst,keepingonlythesalesofemployeeswhohave
asupervisoratthetimeofthesale.Then,atemporallyconsistentroll-upaggregatesthesalesofan
employeetohersupervisoratthetimeofthesales.TheSQLqueryisgivenbelow:

WITH Supervisors AS ( 
         SELECT     SupervisorKey AS EmployeeKey, FromDate, ToDate 
         FROM       EmployeeSupervision 
         WHERE      SupervisorKey IS NOT NULL), 
SupervisorsCoalesced AS ( 
         -- Coalescing the table Supervisors above ...), 
SELECT   FirstName + ‘ ’ + LastName AS EmployeeName, 
         FORMAT(SUM(SalesAmount), ‘$###,##0.00’) AS Total, 
         FromDate, ToDate 
         FROM Sales S, Date D, Employee E, SupervisorsCoalesced U 
WHERE    S.OrderDateKey = D.DateKey AND S.EmployeeKey = E.EmployeeKey AND 
         E.EmployeeKey = U.EmployeeKey AND 
         U.FromDate <= D.Date AND D.Date < U.ToDate 
GROUP BY FirstName + ‘ ’ + LastName, FromDate, ToDate 
ORDER BY FirstName + ‘ ’ + LastName, FromDate

Since the assignment of employees to supervisors varies with time, the temporary table
Supervisorscomputestheperiodsduringwhichasupervisorwassupervisingatleastoneemployee.
Then,thistableiscoalescedintableSupervisorsCoalesced.Therefore,thesetwotablesaretheresult
ofatemporalprojection.Finally,theprimaryquerycomputesthetotalsalesbyanemployeesduring
theperiodstheyweresupervisors.

Query 6.ComputethetotalsalesamountforproductsassignedtothecategoriesBeveragesor
DairyProducts.
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First,atemporaldiceobtainsthesalesfactofproductsineithertheBeveragesorDiaryProducts
categories,atthetimeofsales.Afterthat,thetotalsalescanbeobtainedbykeepingonlytheProduct
dimensioninthedicedfact.ThisquerycanbewritteninSQLasfollows:

WITH BeverageOrDairy AS ( 
         SELECT      ProductKey, P.FromDate, P.ToDate 
         FROM        ProductCategory P, Category C 
         WHERE       P.CategoryKey = C.CategoryKey AND 
                     (C.CategoryName = ’Beverages’ OR 
                     C.CategoryName = ’Dairy Products’)), 
BeverageOrDairyCoalesced AS ( 
         -- Coalescing the table BeverageOrDairy above ...), 
SELECT   ProductName, FORMAT(SUM(SalesAmount), ’$###,##0.00’) AS Total,  
         FromDate, ToDate 
FROM     Sales S, Date D, Product P, BeverageOrDairyCoalesced B 
WHERE    S.OrderDateKey = D.DateKey AND S.ProductKey = P.ProductKey AND 
         P.ProductKey = B.ProductKey AND 
         B.FromDate <= D.Date AND D.Date < B.ToDate 
GROUP BY ProductName, FromDate, ToDate 
ORDER BY ProductName, FromDate

Since the assignment of products to categories varies across time, the temporary table
BeverageOrDairycomputestheperiodsduringwhichaproductwasassignedtooneofthecategories
requested.Then,thistableiscoalescedandstoredintableBeverageOrDairyCoalesced.Finally,the
mainquerycomputesthetotalsalesoftheproductsduringtheperiodstheywereassignedtooneof
thecategoriesrequested.

ReLATeD WORK

Althoughtherearemanylogicalandconceptualmodelsinthedatawarehousingliterature,likein
(Malinowski&Zimányi,2006),andformalizationsofthesemanticsofOLAPoperations,likein
(Kuijpers&Vaisman,2017),theseapproachesdonotdealwiththeproblemofmaintainingthehistory
ofcontentchangesinaDW.ThissectionreviewssomeworkontemporalDW.Forthesakeofspace,
thediscussiononlyaddressestheproblemattheDWinstancelevel.

Logical Modelling of Temporal Dimensions
Probablythemostwell-knownapproachtotacklechangesindimensionattributevaluesareKimball’s
so-calledslowly changing dimensions(SCDs)(Kimball&Ross,2013).Kimballinitiallyproposed
threetypesofSCDsthatwerelaterextendedtoseven.Basedonthetuple-timestampingapproach,
wellknownintraditionaltemporaldatabasetheory(Tansel,etal.,1993),SCDsoftype2preserve
thehistoryofdimensionattributesbyaddinganewrowinthedimensiontableinstance,forevery
changethatoccursintheattributevalue.Ifchangesarefrequent,thenthedimensiontablesizemay
grow very fast, leading to storage and performance concerns, hence calling for other solutions.
SCDsofType3keepthelasttwovaluesofeachtemporalattribute.Attemptingtoovercomesome
drawbacksofthesethreetypes,Kimballproposedfouradditionaltypes,notcoveredhere,sincethis
isbeyondthescopeofthispaper.

Bliujuteetal.(Bliujute,Saltenis,Slivinskas,&Jensen,1998)introducethetemporal star schema
todealwiththeproblemofslowlychangingdimensions.Inthisapproach,thetimedimensionis
omittedfromthetraditionalstarschema.Instead,timestampsaredefinedforeachrowineverytable
oftheschema.Asingletimestampinatablemeansthatdataareevent-orientedandrepresentthe
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timewhenaneventhasoccurred.Similarly,apairoftimestampsindicatesthatthedatainthetable
arestate-orientedanddenotetheperiodduringwhichastatehaspersisted.Thisapproachallows
performingthedateandtimecalculationsdirectlyontherawfactsomittingajoinwiththetime
dimension.However,excludingthetimedimensionmakesitachallengetoaggregatedataovertime
andtodefineinformationonspecificinstants(likeholidays,weekdays,etc.).

Thetemporal starnest schema(Garani,Adam,&Ventzas,2016)isbasedonthenestedrelational
model(Paredaens,DeBra,Gyssens,&VanGucht,1989).Inthemodel,startingfromthemostgeneric
leveltothemostspecificone,thelevelsofadimensionhierarchyarerecursivelynested.Eachparent
level’stupleneststhechildmembersub-tuplesasavalueofoneofitsattributes.Inthisway,just
likeinthetraditionalstarschema,eachdimensionconsistsofasingletable,buttheparent-child
relationsarehard-wiredwithinthedataitself.Theidentifierofthemostspecificlevelisusedtolink
adimensiontothefacttable.Themaindrawbackofthismodelisitscomplexstructure,whichmakes
itsimplementationfarfromtrivial.

Golfarelli andRizzi (Golfarelli&Rizzi, 2007) address theproblemofkeeping trackof the
historyofmeasurevalues,inparticularforflowandstockmeasurements(Lenz&Shoshani,1997).
Theformeris takenoveranintervalandaccumulatedat theendofthat interval,whilethelatter
istakenatafixedpointintime.Theyproposevalidtimeandbitemporalsolutions.Intheformer,
validtimeisassociatedwithfacts,andincaseanupdateofameasurevalueoccurs,itspre-existing
valueisreplacedwiththenewone.Thus,afacttablecontainsthemostup-to-datevaluesonly.The
bitemporalsolutionmanagesthemeasureupdatesaseitheradeltaoraconsolidatedsolution.The
deltasolutionstoresupdatedmeasurevaluesasthedifferencebetweenthenewandthepre-existing
value.Theconsolidatedsolutionstorestheconsolidatedvalueforeachupdatedmeasurevalueand
apairoftimestampsrepresentingthetransaction-time.

Mahlknechtet.al.(Mahlknecht,Dignös,&Kozmina,2019)proposetomodeltemporalfactdata
bymeansofthreedistinctlogicalschemas.Intheseschemas,timeperiodsarerepresentedas:(1)
setsofalltimepointsinagivenperiod(calledinstant model),(2)pairsofstartandendtimepoints
ofaperiod(period model),and(3)atomicunitsthatareexplicitlystoredinanewperioddimension
(period* model)thatincludesdataaboutdayswithinaperiod.

Querying Temporal Data Warehouses
Many different temporal query languages for OLAP have been proposed in the research DW
community. As an example, TOLAP, standing from Temporal Online Analytical Processing
(Mendelzon & Vaisman, 2000), is a Datalog-like query language that supports querying data
warehouseswithtime-varyingdimensionsandfacts.Thequerylanguageisbasedonanunderlying
temporalmultidimensionaldatamodelinwhichdimensionmembersaretimestampedtomaintaintheir
historicalcontext.However,thelanguagesyntaxisstillfarfromthewell-knownOLAPoperators,i.e.,
roll-up,drill-down,slice,dice,drill-across.Thereisacall,then,forpractical,SQL-basedtemporal
querylanguagessupportingarelationalrepresentationoftemporalDWs.

Thewidespreaduseofrelationaldatabasesandtheappearanceofmanytemporalquerylanguages
intheearly1990sraisedtheneedforastandardizedtemporalrelationalquerylanguage.Asaresult,
TSQL2(SnodgrassR.T.,1995)wasproposedasanupwardcompatibletemporalextensiontothe
SQL-92.Intermsoftheunderlyingdatamodel,TSQL2introducedanewperioddatetimedatatype
ofspecifiablerangeandprecision.TSQLsupportsvalid time, transactiontime,anduser-defined
time.BeingupwardcompatiblewithSQL92,definingasnapshottableisalsopossible.Additionally,
themodelallowstwotypesoftables,namely,stateandeventtables.Inastatetable,eachtupleis
timestampedwithatimeelementthatistheunionofperiods.Ontheotherhand,inaneventtable,
each tuple is timestampedwithan instant set.Valid timeand transaction timecanbecombined
orthogonallytomodelbitemporaltables.

TheSQL-2011standardincludestemporalfeatures(Kulkarni&Michels,2012),namely,aperiod
data type, temporalprimarykeys, temporal referential integrity constraints, temporalpredicates,
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valid-time(calledapplication-time), transaction-time(calledsystem-time)andbitemporal(called
system-application-time) tables,aswellas temporal insertions,updates,anddeletions.However,
temporaloperatorsliketemporalcoalescing(Zhou,Wang,&Zaniolo,2006),temporaljoins,and
temporalaggregationarenotincludedinthestandard.

AnotherchallengeinthisdomainistheefficiencyofexecutingSQLoperationsontemporaldata.
Theproblemisduetocomplexalgorithmsforcomputingjoins,e.g.,(Bouros&Mamoulis,2018;
Pilourdault,Leroy,&Amer-Yahia,2016)andaggregates,e.g.,(Mahlknecht,Dignös,&Gamper,2015).

Asmentionedabove,(Wang,Zaniolo,&Zhou,2005)showhowtosupporthistoricalandtemporal
querieswithoutextendingthestandardswithtemporalfeatures.Theauthorsarguethatlessonslearned
fromtemporaldatabaseresearchshowedthattheyhadnotachievedsignificantcommercialsuccess,
whichclaimsforexploringsolutions that remainwithin theSQLstandard.Theauthorsalsouse
historicalOLAPqueriestoillustratetheirapproach.

CONCLUSION AND FUTURe WORK

Thispaperpresentedageneralizedmultidimensionalmodel,capableofrepresentingtraditionaland
time-varyingdataindependently.Theproposedmodelallowsmultiplefactsatdifferentgranularities,
role-playingdimensions,analyzingthedatausingmultipleandnon-stricthierarchies,andreusabilityof
levelinstancesacrossvarioushierarchies,thatmeans,themost.Themodelincludesdataconsistency
constraintsforbothstaticandtime-varyingdata.Finally,themodelcomesequippedwithasetofOLAP
operations,whosesemanticsisformallydefined.Finally,thetranslationofthemodeltoarelational
representation,togetherwithanSQL-basedimplementationoftheOLAPoperations,ispresented.

Infuturework,thesemanticsoftheroll-upoperationcanbeextendedtoallowrecursiveroll-up
andwindows-basedaggregation.Likedimensionmembers,factmembersmayalsochangeovertime.
Themultidimensionalmodelcanbeextendedtoenableandanalyzethetime-varyingmeasuresas
well,notaddressedatthisstage.Furthermore,thedatawarehousesevolveintheirstructureaswell;
therefore,anutterlygeneralizedmodelshouldalsobeabletocapturetheschemachanges.
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