Strong ISS implies strong iISS for time-varying impulsive systems™
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1. Introduction

One of the main issues in control system theory concerns
understanding the dependence of state trajectories on inputs. In
this regard, the input-to-state stability (ISS) and integral-ISS (iISS)
are arguably the most important and useful state-space based
nonlinear definitions of stability for systems with inputs.

The notions of ISS and ilSS, originally introduced for time-
invariant continuous-time systems in Sontag (1989, 1998), re-
spectively, were subsequently extended and studied for other
classes of systems: time-varying systems (Edwards et al., 2000),
discrete-time systems (Jiang & Wang, 2001), switched systems
(Haimovich & Mancilla-Aguilar, 2018b; Mancilla-Aguilar & Garcia,
2001), impulsive systems (Hespanha et al., 2008), hybrid systems
(Cai & Teel, 2009; Noroozi et al., 2017) and infinite dimensional
systems (Dashkovskiy & Mironchenko, 2013a; Mironchenko &
Wirth, 2017).

A natural question regards the exact relationship between
the ISS and iISS properties. Since the introduction of the iISS
property it is known that ISS implies iISS and that the converse
does not hold for time-invariant continuous-time systems (Son-
tag, 1998). The same implication was proved for discrete-time
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For time-invariant (nonimpulsive) systems, it is already well-known that the input-to-state stability
(ISS) property is strictly stronger than integral input-to-state stability (iISS). Very recently, we have
shown that under suitable uniform boundedness and continuity assumptions on the function defining
system dynamics, ISS implies iISS also for time-varying systems. In this paper, we show that this
implication remains true for impulsive systems, provided that asymptotic stability is understood in a
sense stronger than usual for impulsive systems.

systems (Angeli, 1999), switched systems under arbitrary switch-
ing (Mancilla-Aguilar & Garcia, 2001) and hybrid systems
(Noroozi et al., 2017), assuming time-invariance. The correspond-
ing proofs employ Lyapunov characterizations of the ISS or of the
global uniform asymptotic stability (GUAS) properties in a funda-
mental way. This hinders the extension to classes of systems for
which Lyapunov characterizations do not exist, such as switched
systems under restricted switching or impulsive systems. Very
recently, Haimovich and Mancilla-Aguilar (2019a) proved that ISS
implies iISS for families of time-varying and switched nonlinear
systems without resorting to any Lyapunov converse theorem,
and, in this way, opening the door to proving the implication for
other types of systems.

This paper deals with impulsive systems with inputs, i.e. dy-
namical systems whose state evolves continuously most of the
time but may exhibit jumps (discontinuities) at isolated time
instants, and where the inputs affect both the flow (i.e. the
continuous evolution) and the jump equations (Yang et al., 2019).
Sufficient conditions for ISS and iISS of impulsive systems with
inputs, based on Lyapunov-type functions, have been derived in
Hespanha et al. (2008). Since the appearance of Hespanha et al.
(2008), many works have addressed the stability of impulsive
systems with inputs from ISS-related standpoints, giving suffi-
cient conditions for the ISS and/or iISS in terms of Lyapunov
functions (Chen & Zheng, 2009; Dashkovskiy & Feketa, 2017;
Dashkovskiy et al., 2012; Dashkovskiy & Mironchenko, 2013b; Li
& Li, 2019; Li et al., 2018, 2017; Liu et al., 2014, 2011; Mancilla-
Aguilar & Haimovich, 2020; Ning et al., 2018; Peng, 2018; Peng
et al,, 2018). In addition, some results for hybrid systems may
also be applicable to impulsive systems (Liberzon et al., 2014; Liu
et al,, 2018; Mironchenko et al., 2018).
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Despite the great progress of the stability theory of impul-
sive systems with inputs during the last decade, up to our best
knowledge the exact relationship between the ISS and ilISS prop-
erties has not yet been established for this type of systems.
The main contribution of the current paper is thus solving this
open problem by proving that ISS implies iISS. The implica-
tion is proved assuming that the ISS and iISS properties are
understood in a stronger sense than is usually considered in the
literature of impulsive systems, more akin to that employed for
hybrid systems. As is well-known, the ISS/iISS properties impose
a bound on the state trajectory comprising a decaying-to-zero
term whose amplitude depends on the initial state value, and an
input magnitude/energy-dependent term. As already explained in
Hespanha et al. (2008), the decaying term in the ISS/iISS defi-
nitions employed for impulsive systems decays as time elapses
but is insensitive to the occurrence of jumps. In this paper, we
consider definitions of ISS/iISS where the decaying term decreases
also when a jump occurs (see Definition 2.1), in agreement with
those considered in the context of hybrid systems (Cai & Teel,
2005, 2009; Noroozi et al., 2017). As a corollary of our main
result, we obtain that ISS implies ilSS in the usual sense when the
impulse-time sequence satisfies a specific bound on the number
of impulse times on each bounded interval. This condition is
satisfied, for example, when the impulse-time sequence is such
that the flow periods (i.e. between jumps) have a minimum or
average dwell time. Very recently, we have shown that some of
the intermediate implications required to prove that ISS implies
iISS break down if both ISS and iISS are understood in the stan-
dard weak sense and the number of impulse instants in each
bounded interval cannot be bounded in relation to the length of
the interval (Haimovich & Mancilla-Aguilar, 2019b).

The current paper generalizes some of our previous results
(Haimovich & Mancilla-Aguilar, 2018a, 2018b, 2019a; Haimovich
et al, 2019). Our proof strategy conceptually follows that of
Haimovich and Mancilla-Aguilar (2019a), in the sense of being
based on bounding the difference between state trajectories. The
current results cannot be obtained directly (mutatis mutandis)
from the previous ones, mainly because we do not require the
jump maps to satisfy any kind of Lipschitz continuity property.
This led to the development of novel techniques for comparing
trajectories, especially suited to impulsive systems without Lip-
schitz continuity of the jump maps. The specific similarities and
differences with respect to our previous work are explained as
appropriate along the text.

The remainder of the paper is organized as follows. This sec-
tion ends with a brief description of the notation employed. In
Section 2, we precisely explain the type of systems considered
and the stability concepts employed. In Section 3, we provide a
characterization of the strong iISS property. This characterization
is employed in Section 4 in order to establish that strong ISS
implies strong iISS. The proofs of some technical intermediate
results are given in Section 5. Conclusions are given in Section 6.

Notation. N, R, R. and R>( denote the natural numbers, re-
als, positive reals and nonnegative reals, respectively. |x| denotes
the Euclidean norm of x € RP. We write « € K if @ : R>g = Rxg
is continuous, strictly increasing and «(0) = 0, and @ € K, if, in
addition, « is unbounded. We write 8 € KL if 8 : R>g X R>g —
Rso, B(-,t) € K& for any t > 0 and, for any fixed r > 0,
B(r, t) monotonically decreases to zero as t — oo. From any
function h : I ¢ R — RP, h(t™) and h(t™) denote, respectively,
the left and right limits of h at t € R, when they exist and are
finite. For every n € N and r > 0, we define the closed ball
B! := {x € R" : |x| < r}. Without risk of confusion, if y = {‘L’k}g:p
then y can be interpreted as both the sequence {rk};;’:1 and the
set {ty : k € N, k < N} (even if N = 00). For a, b € R, we define
a A b .= min{a, b} and [a] as the least integer not less than a.

2. Stability of impulsive systems with inputs
2.1. Impulsive systems with inputs

Consider the time-varying impulsive system with inputs X
defined by the equations

X(t) = f(t, x(t), u(t)),
X(t) = x(t7) + g(t, x(t7), u(t)),

where t > 0, the state variable x(t) € R", the input variable
u(t) € R™ and f and g are functions from Ry x R" x R™
to R", and the impulse-time sequence y = {‘L’k}g:l C (0, 00),
with N finite or N = oo. We shall refer to f and to (1a) as,
respectively, the flow map and the flow equation and to g and
to (1b) as, respectively, the jump map and the jump equation. By
“input”, we mean a Lebesgue measurable and locally essentially
bounded function u : [0, o0) — R™; we denote by ¢/ the set of
all the inputs. As is usual for impulsive systems, we only consider
impulse-time sequences y = {rk}gzl that are strictly increasing
and have no finite limit points, i.e. limy_ Tx = oo when the
sequence is infinite; we employ I" to denote the set of all such
impulse-time sequences. For any sequence y = {rk}’,z’zl eI
we define for convenience 79 = 0; nevertheless, 7y is never an
impulse time, because y C (0, co) by definition.

In order to guarantee the existence of Carathéodory solutions
of the differential equation x(t) = f(t, x(t), u(t)), we assume that
f(t, &, u) is Lebesgue measurable in t, continuous in (&, ©) and
that for every compact interval I C R-( and every compact set
K C R"™ x R™ there exists an integrable function m : I — R
such that [f(t, &, u)| < m(t) for all (t, &, u) € I x K. Under these
conditions, for each input u € ¢ the map f,(t, &) = f(t, &, u(t))
satisfies the standard Carathéodory conditions (see Hale, 1980)
and hence the (local) existence of solutions of the differential
equation x(t) = f(t, x(t), u(t)) is ensured.

The impulsive system X is completely determined by the
sequence of impulse times y and the flow and jump maps f and
g. Hence, we write ¥ = (y,f, g). Given y € I" and an interval
I C [0, co), we define n,” as the number of elements of y that lie
in the interval I:

nl =#[y nIJ. (2)

fort ¢ y, (1a)
fort ey, (1b)

A solution of ¥ = (y,f, g) corresponding to an initial time
to > 0, an initial state xo € R" and an input u € ¢/ is a function
X : [to, Ty) = R" such that:

(1) x(to) = Xo;

(ii) x is locally absolutely continuous on each interval | =
[t1,t2) C [to, Ty) without points of y in its interior, and
X(t) = f(t, x(t), u(t)) for almost all t € J; and

(iii) for all t € y N(to, Ty), the left limit x(t~) exists and is finite,
and it happens that x(t) = x(t7) 4+ g(t, x(t ™), u(t)).

Note that (ii) implies that for all t € [to, Ty), x(t) = x(tT), i.e. x is
right-continuous at t.

The solution x is said to be maximally defined if no other
solution y : [to, T,) — R" satisfies y(t) = x(t) for all t € [to, Ty)
and has T, > T,. We will use Tx(to, Xo, u) to denote the set of
maximally defined solutions of X corresponding to initial time
to, initial state x, and input u. Every solution x € Tx(to, xo, U)
with t; > 0, xo € R" and u € U satisfies

t
X(t) = X(to) + / £, X(s), u(s))ds

+ ) grxr ) u(r), Vet Ty). (3)

TeyN(t.t]



Remark 1. Note that even if ty € y, any solution x € Tx(to, Xo, U)
begins its evolution by “flowing” and not by “jumping”. This is
because in item (iii), the time instants where jumps occur are
those in y N (t, Ty). o

2.2. Families of impulsive systems

Often one is interested in determining whether some stability
property holds not just for a single impulse-time sequence y €
I but also for some family S C I'. For example, the family
S could contain all those impulse-time sequences having some
minimum, maximum or average dwell time. Another situation
of interest is to determine if some stability property holds not
just for a single pair of functions (f,g) but also for all pairs
(f, g) belonging to some given set F. To take into account these
and other situations, we consider a parametrized family ¥, =
{Z = (¥, [, &.)}sea of impulsive systems with inputs, where
A is an index set (i.e. an arbitrary nonempty set). For example,
if we are interested in studying stability properties of systems
modelled by (1) which hold uniformly over a class S C I', then
we set S as the index set, and consider the parametrized family of
systems {¥, = (v, f, g)},es. By taking as index set A = F and
considering the family {Xs¢) = (v.f, &)}s.g)ea We can handle
the other mentioned situation. Another interesting situation we
can handle in this way is that of impulsive switched systems (see
Mancilla-Aguilar & Haimovich, 2020, for details).

2.3. Stability definitions

In the context of impulsive systems, the input can be in-
terpreted as having both a continuous-time and an impulsive
component. From (1b) one observes that the values of u at the
instants t € y may instantaneously affect the state trajectory.
For this reason, input bounds suitable for the required stability
properties have to account for the instantaneous values u(t) at
t € y. Given an input u € U/, an impulse-time sequence y € I,
an interval I C R, and functions p1, p2 € Ko, we thus define

luglloo,, = max {ess. sup|u(t)|, sup |u(t)|} s (4)
tel teynl
o = [ orsINs + 3 pallus)) (5)
I seynl

When I = [0, co) we simply write u instead of u;. These def-
initions are in agreement with those employed in Cai and Teel
(2009) and Noroozi et al. (2017) in the context of hybrid systems.
In what follows, 0 denotes the identically zero input.

Definition 2.1. We say that the parametrized family ¥, =
{325 = (Y5, fi, 8.)}rea of impulsive systems is

(a) strongly 0-GUAS if there exist B € KL such that for all
L€ A thg>0x €R" and x € Ty, (to, X0, 0), it happens
that for all t € [to, Ty),

X(O) < B (ol £ = to + 1l ) (6)

(b) strongly ISS if there exist 8 € K£ and p € K such that
XOI = B (1%l € = to+ 1% ) + Pl arlloo): (7)

(c) strongly iISS if there exist 8 € KL and «, p1, p2 € Ko sSuch
that

o(X(O) = B (ol € = to + 1% ) + gl sms (8)

(d) Uniformly Bounded-Energy input/Bounded State (UBEBS,
Angeli et al., 2000) if there exist «, p1, p2 € Koo and ¢ > 0
such that

0{(|X(t)|) = |X0| + ”u(to,t]”m.pz.y)L +c; (9)

where (7)-(9) hold for all A € A, tp > 0,x0 € R", u € U,
X € Ty, (to, Xo, u), and t € [to, Tx). The pair (p1, p2) in (8) or (9)
will be referred to as an iISS or UBEBS gain, respectively.

Remark 2. Due to causality and the Markov property, equivalent
definitions are obtained if u(, ;) is replaced by u in (7), (8) or (9).
Note that we do not require the solutions of (1) to be defined
for all t > ty in the definitions of the different stability prop-
erties. Nevertheless, well-known results for ordinary differential
equations ensure the existence of the solution on [ty, 00) in each
case. o

Remark 3. It is evident that strong ISS implies strong 0-GUAS
(just set u = 0).

All the properties in Definition 2.1 are uniform with respect
to both initial time ty and the different systems within the family
X' 4. The ISS and ilSS properties are called “strong” because the
decaying term given by the function 8 forces additional decay
whenever a jump occurs. The corresponding weak properties are
obtained by replacing the second argument of 8 by t — t, (see
Mancilla-Aguilar & Haimovich, 2020). Strong ISS (and iISS) is in
agreement with the ISS property for hybrid systems as in Liberzon
et al. (2014).

The strong and weak ISS/iISS become equivalent under the
following condition, which is satisfied when the time periods
between impulses have a minimum or average dwell time.

Definition 2.2. Consider a set S C I" of impulse-time sequences.
We say that S is uniformly incrementally bounded (UIB) if there
exists a continuous and nondecreasing function ¢ : R>g — Rxg
so that nz/to,tl < ¢(t —ty) forevery y e Sand all t > to > 0.

The proof of the following result can be obtained following the
lines of that of Proposition 2.3 in Mancilla-Aguilar and Haimovich
(2020).

Proposition 2.3. Let ¥, = {X;, = (y5,f., £.)}rea. Suppose that
{yn : A € A} is UIB. Then X, is strongly ISS (resp. iISS) if and only
if it is weakly ISS (iISS).

3. A characterization of iISS

In this section we will show that under suitable hypotheses,
the strong iISS of a parametrized family of impulsive systems
with inputs is equivalent to the combination of UBEBS and strong
0-GUAS of the family.

3.1. Assumptions and statement

First, we note that if jumps do not occur (y = @), then (1) be-
comes the type of system considered in Haimovich and Mancilla-
Aguilar (2018b). We thus require that the flow maps satisfy the
conditions in Assumption 1 of Haimovich and Mancilla-Aguilar
(2018D).

Assumption 1. The functions f; : R>o X R" x R™ — R", A € A,
satisfy the following:

(i) there exist vy € K and a nondecreasing function Ny
Rso — R.g such that for all » € A, [i(t, & ) <
Ne(1ENT + ve([ue)) for all (¢, &, ) € Ryp x R" x R™;



(ii) for every r > 0 and ¢ > O there exists § > 0 such that
forall L € Aandallt > 0, |fi(t, &, u) — fo(t, &, 0)| < ¢ if
|l <rand |u| <3;

(iii) fi(t, &€, 0) is locally Lipschitz in &, uniformly in t and A,
i.e. for every R > 0 there is a constant Ly > 0 so that
for every A € A, &,% € By and t > 0 it happens that
[fa(t, &1, 0) — fu(t, &2, 0)| < Lrl§1 — &al.

All the conditions imposed by Assumption 1 on the flow
maps are uniform over all the systems in the family. Item (i)
imposes a bound that is, in addition, uniform over all values of the
time variable. Item (ii) requires a kind of continuity in the input
variable at its zero value, uniformly over time and over states in
compact sets. Item (iii) requires that the flow map of the zero-
input system be locally Lipschitz in the state variable, uniformly
over time.

The Lipschitz condition in item (iii) is required in order to
allow the application of Gronwall inequality. If all the conditions
of Assumption 1 were imposed on the jump maps g, as well,
then the required characterization of strong iISS would follow,
mutatis mutandis, from Haimovich et al. (2019). However, impos-
ing such a Lipschitz continuity requirement on the jump maps is
restrictive and unnecessary. We will thus require the following
conditions.

Assumption 2. The functions g; : R>g x R" x R™ — R", 1 € A,
satisfy the following:

(i) there exist v, € K and a nondecreasing function Ng
R>o — R.o such that for all A € A, |g(t, &, ) <
Ng(161)(1 + vg(|u])) for all (¢, &, ) € R>g x R" x R™;

(ii) for every r > 0 and ¢ > O there exists § > 0 such that
forallA € Aandall t > 0, |g.(t, &, u) — gu(t, £,0)| < gif
|§] <rand |u| <;

(iii) gy(t, &, 0) is continuous in &, uniformly in t and 2, i.e. for
every R > 0 there is a function wg € K4 so that for
every £1,& € By, t > 0and A € A, it happens that
18:(¢, &1, 0) — gi(t, &2, 0)] < wr(|&1 — &al).

Items (i) and (ii) of Assumption 2 are identical to those of
Assumption 1. By contrast, the Lipschitz continuity requirement
of Assumption 1(iii) has been replaced by just continuity, keeping
the corresponding uniformity with respect to the other vari-
ables. The removal of the Lipschitz continuity requirement on
the jump maps causes the proof of our current results to be-
come substantially different and harder than that of the previous
ones (Haimovich & Mancilla-Aguilar, 2018a, 2019a; Haimovich
et al,, 2019).

The main result of this section is the following characterization
of strong ilSS for parametrized families of impulsive systems with
inputs.

Theorem 3.1. Consider the parametrized family ¥, = {X;, =
(o, frr 8 )}aca and let Assumptions 1 and 2 hold. Then X, is
strongly iISS if and only if it is strongly 0-GUAS and UBEBS.

The proof of Theorem 3.1 is given in Section 3.3. Note that
Theorem 3.1 does not require uniqueness of solutions under
nonzero inputs because the local Lipschitz continuity of the flow
maps imposed by Assumption 1(iii) applies only under zero input.

3.2. Preliminary results
The proof of Theorem 3.1 requires some preliminary lemmas.

The first of these is a type of generalized Gronwall inequality for
impulsive systems. The proof is given in Section 5.1.

Lemma 3.2. Let 0 < tp < Tandlety : [tp,T] — Rso be
a right-continuous function having a finite number N of points of
discontinuity s, ..., sy satisfying to < sy < --- <sy <T. Let y be
such that the left-limit y(sj’) exists forallj=1,...,N. Let p € Ry,
let a: R.o — Rxo be locally integrable, let {c};2, be a sequence of
nonnegative numbers, and let w € Koo. Let 0 = {sk}ﬁ’:l and define
c:0 — Rxg via c(s;) = ¢. If y satisfies

t
WO <p+ / asys)ds+ Y csolys) (10)

to seoN(t,t]

for all t € [to, T], then in the same time interval y satisfies

y(t) < h2(p, t), (11)
where k = n&o,”, and the functions ho - Rso X [to, 00) = Rxo,
j=0,1,..., are recursively defined as follows

f‘i) a(s)ds

hf)o(p,t) = pe and, forj > 1,

h(p.t) = b2, (p. t)+
t S
cjeffo als)ds sup [a)(hj&(p, s))e_ffo a(”dr].

tg<s<t

The function w on the right-hand side of inequality (10) makes
the third term therein not necessarily affine in y. This enables the
application of Lemma 3.2 to impulsive systems without Lipschitz
continuity of the jump map. In addition, Lemma 3.2 is not a
particular case of other existing comparison-type results (such as
those in Lakshmikantham et al., 1989; Noroozi et al., 2014) and
is hence interesting in its own right.

Remark 4. If the function a(-) is constant, it follows that

h(p,t) =h¥(p.t —to) forallj € No,p > O0and t > to > 0. o

The following result is a generalization of Lemma 3 of
Haimovich and Mancilla-Aguilar (2018b) to the current setting.
The proof is given in Section 5.2.

Lemma 3.3. Let {¥; = (v, fi. 8 )}ica be a strongly 0-GUAS
parametrized family of impulsive systems with inputs which satisfies
Assumptions 1 and 2. Let B € KL characterize the 0-GUAS property
and let vy and v, be the functions given by Assumption 1(i) and 2(i).
Let x5, xg € Koo satisfy xy > vy and xg > vg. Then, for every
r > 0 and every n > O, there exist L = L(r), «k = «(r,n) and
® = wr € Ky such that if x € Tx, (to, Xo, u) with A € A, to > 0,
Xo € R" and u € U satisfies |x(t)| < r for all t > to, then also

X(0)] < B(IXol, t — to + 1% )+

hg(m . ((t - tO + n(}/t;;)_t])n + K”u(to,t]”)(f,xg,yp t— tO) s (12)
to.t
where h}), forj =0,1,..., are the functions defined in Lemma 3.2

in correspondence with a(s) =L and ¢; = 1.

As in Haimovich and Mancilla-Aguilar (2018b, Lemma 3), the
inequality (12) is only useful when its right-hand side is less
than r, since |x(t)] < r for all t > ¢ is already assumed.
If » = ¢ (no impulses), and hence n(ytt’t] = 0, then (12)
reduces to the corresponding bound in Lemma 3 of Haimovich
and Mancilla-Aguilar (2018b).

The following result shows that if a system is strongly 0-
GUAS, then UBEBS could be equivalently defined setting c = 0 in
(9). This generalizes Lemma 4 of Haimovich and Mancilla-Aguilar
(2018b) to the current setting. The proof is given in Section 5.3.

Lemma 34. Let {¥) = (Y1, fi, 8. )}rea be a strongly 0-GUAS and
UBEBS parametrized family of impulsive systems with inputs which
satisfies Assumptions 1 and 2. Then there exist &, p1, p2 € Koo, With



o1 = vy and py > vg, for which the estimate (13) holds for every
X € Ty, (to, X0, u) with A € A, to > 0, xo € R" and u € U.

a(|x(t)]) = [x(to)l + N0l 31,723 ¥t = to- (13)

We now have almost all the ingredients required for proving
Theorem 3.1. The only additional step is an €-§ characterization
of the strong iISS property (see Haimovich et al., 2019, Theorem
3.2), stated here so that ilISS is uniform over families of systems.

Theorem 3.5. Consider the parametrized family ¥, = {X, =
(Va, fo, 8)}aeca of impulsive systems with inputs. Let p1, p2 € Koo
Consider the notation ||ull, = |ullp;.py.y, and, forr >0, B> :=={u €
U : lullx < r). Then X, is strongly iISS with gain (p1, p2) if and
only if the following conditions hold:

(i) For every T > 0, r > 0, s > 0, there exists C > 0 such
that every x € Tx, (to, Xo, u) with A € A, tp > 0, Xo € B}
and u € BSK satisfies |x(t)] < C for all t > ty such that
t+ng g <to+T.

(ii) For each ¢ > O, there exists 8§ > 0 such that every x €
Ty, (to, Xo, u)with X € A, tg > 0,xo € By andu € B§ satisfies
[x(t)] <€ forallt >ty

(iii) There exists « € K Such that for every r, e > 0 there exists
T =T(r,e) > 0 so that

a(|x(t)]) < € + flullx

for all x € Tx, (to, X0, u), L € A, tg > 0, %0 € B}, u € U, and
t >t such that t + ng’fo’” >ty +T.

3.3. Proof of Theorem 3.1

(=) Let x € Tg,(to,X0,0), with L € A, tp > 0,x € R"
The estimate (8), with y, instead of y reduces to a(|x(t)]) <
B(x(ty)], t — to + ng’%’“) and hence [x(t)] < o~ 'oB(|X(t)], t —
to + n&t]). The function B := «a~!.f satisfies B € K., and
hence (6) follows with 8 replaced by B. Therefore, clearly strong
iISS implies strong 0-GUAS. Consider 8 € KL from (8), define
Bo € Koo via Bo(r) = PB(r,0). Define v € Ky via ¥(r) =
min{,Bo_l(r/Z), r/2}. Applying ¢ to each side of (8), we obtain

Yoa(Ix(t)]) < ¥ (BolIx(to)]) + Ity c1ll o101 )
< ¥ 2Bo(1x(to))) + ¥ (2. e1ll 10274
< |x(to)| + ||u(t0,t]||p],p2,]/}\7

and hence (9) follows with « replaced by & := ¥ o € K. We
have thus shown that strong iISS implies UBEBS.

(<) Let &, p1, o2 € Koo be given by Lemma 3.4, so that (13)
is satisfied. We will prove that {X} },c4 is strongly iISS with iISS
gain (pq, p2) by establishing each of the items of Theorem 3.5.
Here we use the notation [ull, = llull5,,5,,;-

(i)LetT > 0,r > 0ands > 0. Let x € Tg, (to, X0, u) with
L€ Atg > 0,% € B"and u € B From (13), it follows that
a(]x(t)]) < r+s, and hence |x(t)] < @~ Y(r+s) = C for all t > to.
This establishes item (i) of Theorem 3.5.

(ii) Let € > 0 and § = a&(€)/2. Then, if x € Tx;, (to, X0, u) with
L€ Aty > 0,% € B! and u € B}, it follows from (13) that
|x(t)] < @ '(28) = € for all t > t,. This establishes item (ii) of
Theorem 3.5.

(iii) Let @ = /2 € Ko. Let 1, € > 0 and let x € Tx;, (to, Xo, )
with A € A, top > 0, X € B} and u € ¢. We distinguish two cases:

() flul =T,
(b) llull <.

In case (a), from (13) we have a(|x(t)]) < r + llugy,qll, < r +
llull,, < 2[jullx, hence a(x(t)]) < llullx < € + |lull; for all t > t.

Next, consider case (b). From (13), we have a(|x(t)]) < r +
llull, < 2r for all t > to. Then |x(t)] < := a~!(2r) for all t > t,.
Let B € KL characterize the strong 0-GUAS property, so that (6) is
satisfied under zero input, and let L = L(¥) > 0 and w = w; € K
be given by Lemma 3.3 with xy = p; and x; = po, and let
hj = h]‘?,j = 0,1,..., be the functions defined in Lemma 3.2
in correspondence with a(s) = L and ¢; = 1. Let € = ¢ and T>0
satisfy B(r, T) < €/2.Let k= (ﬁ + 1, where [s] denotes the least
integer not less than s € R. Since hy is continuous and hy(0, t) =0
for all t > 0,~ then there exists § > 0 such that h,;(S, l~<) < €/2.

Define n = i and let x = «(7,n) > 0 be given by Lemma 3.3.
Set 6 = 2 and define N := [%] and T := Nk.

Consider the sequence to = sp < §1 < ---
defined as follows:

< sy, recursively

si=inf{t > 51 :t —si_1 + n(ys;il‘[] > T}.

Consider the intervals I; = (sj, Si+1], withi = 0,...,N — 1. We
claim that there exists j < N — 1 for which lluglln < 8. For a
contradiction, suppose that [|uy ||, > & forall 0 <j < N—1. Then,
lull, > Z}V:B] llug lx > N8 > r, contradicting case (b). Therefore,
let 0 <j <N — 1 be such that lugll < 6.

Since x € Tx,(sj, x(s;), u) and |x(t)] < 7 for all t > s;, from
Lemma 3.3 it follows that

x(sj1)l < B (|X(Sj)|a Sit1 — 8 + n,?) +
hn’V.;L (I:Sj+1 — S+ n}?] n—+ K||U1j I, Sji+1 — Sj) .
J

Since |x(s;)| <7, T <sj31 — 5+ n}}’_A <k kn=135/2 k8 <8/2 and
the functions h;(p, t) are separatgly increasing in p and in t, and
hi(p, t) < hg(p, t) for all 0 < j < k, it follows that

: 2 A
M)l = BET) + (8. k) < 5 + 5 =&

Therefore, using (13) with t, replaced by s;. 1, we reach
a(x(0)]) < 1x(si+1)l + llues;,q,allh < € + llulls

for all t > s;.4. Since i1 —s; + n(ys){,sm] < k for all 0 <i<N-1,

Y, _ N YA P o—
Sit1 — to + n(t*oqu+1J =Y [Siy1 —si + Mg siaq)] = Nk = T. In

consequence, if t > tg is such that t —tg +ng/% 0= T,thent > sj;q,

and hence a(|x(t)|) < € + |lu||,. Since ¢ = @/2 < «, it follows
that item (iii) of Theorem 3.5 also is satisfied.

4. Strong ISS implies strong iISS

Definition 4.1. A parametrized family of functions {h; };c, with
h, : Rso x R" x R™ — R for all A, is said to have property ¢/ if:

(i) For every r > 0 and ¢ > 0, there exists § = §(r,e) > 0
such that |hy(t, &, w1) — ha(t, &, o) < e for all A €
At > 0, &,&5 € B! and pq,uy € B such that
max{l§1 — &, w1 — p2l} < 6.

The family {h;},c4 is said to have property /G, where L stands
for Lipschitz, if it has property ¢/C and, in addition,

(ii) for every r > 0, there exists L = L(r) such that |h,(t, &1, 1)
—hi(t, &, pI< LIEr — &l forall L € A, t >0, &1, 6 € By,
and p € B

A family {h; },c4 has property &/C when the functions h; are
continuous in (&, w) uniformly over t > 0 and A € A. When A
contains a single element, i.e. A = {A}, the fact that the single-
element family {h,} has property ¢C reduces to the continuity of
hy in (&, p) uniformly over t > 0.



Remark 5. Condition (ii) in Definition 4.1 is equivalent to the
following local Lipschitz condition: for all & € R" and r >
0 there exist n = n(r,&) > 0 and L = L(r,&) such that
Ihi(t, &1, ) — ha(t, &2, )l < LIEy — & forall 2 € A, t = 0,
mweBland |§ —&|<ni=12 o

To establish that strong ISS implies strong ilISS, we need As-
sumption 3, which strengthens Assumptions 1 and 2.

Assumption 3. The families of functions {f;}ica and {gi}ieca
have properties /G and uC, respectively, and f,(t,0,0) =
g.(t,0,0)=0forallt >0and A € A.

Lemma 4.2. Assumption 3 implies Assumptions 1 and 2.

The proof of Lemma 4.2 is given in Section 5.5. Note that
Assumption 3 imposes local Lipschitz continuity of the flow maps
with respect to the state variable and hence uniqueness of so-
lutions of X; for all A € A. Our main result is the following.

Theorem 4.3. et {¥;, = (v, fr,8)}ca be a strongly ISS
parametrized family of impulsive systems with inputs and let As-
sumption 3 hold. Then, {X; },c4 is strongly iISS.

The structure of the proof of Theorem 4.3 is given in the
following diagram. In this diagram, the application of Theorem 3.1
is possible because Assumption 3 implies Assumptions 1 and
2. Nonetheless, we stress that Assumption 3 is only needed for
application of Theorem 4.5. The implication indicated by Re-
mark 3 follows directly from the definitions with no additional
assumptions; the implication given by Theorem 3.1 holds under
the weaker Assumptions 1 and 2 which, in particular, do not
impose uniqueness of solutions under nonzero input.

strong
0-GUAS
Remark 3
strong Theorem 3.1 STO08
ISS and ————=— ISS
Tlm T

UBEBS

Before giving the remaining step, indicated as Theorem 4.5,
we pose the following simple consequence of Theorem 4.3 and
Proposition 2.3.

Corollary 44. Let {¥;, = (y1.fi,8)}ea be a weakly ISS
parametrized family of impulsive systems with inputs and let As-
sumption 3 hold. Suppose that {y;};c is UIB (Definition 2.2). Then,
{25 }sea is strongly iISS and hence also weakly ilSS.

Proof. Since {y,}.ca is UIB, then by Proposition 2.3 the weak
and strong versions of ISS (or iISS) are equivalent. Applying The-
orem 4.3, the result follows. B

Remark 6. Some of the intermediate implications required to
prove that ISS implies iISS break down if both ISS and iISS are
understood in the standard weak sense and the UIB condition is
not imposed. For example, we have recently shown (Haimovich &
Mancilla-Aguilar, 2019b) that an impulsive system may be weakly
0-GUAS and UBEBS but not weakly ilSS. o

We next give a theorem that establishes that strong ISS implies
UBEBS. This theorem is an extension to impulsive systems of
Theorem 3.12 in Haimovich and Mancilla-Aguilar (2019a). How-
ever, due to the absence of any type of Lipschitz continuity
assumption on the jump maps, the current proof does not follow
straightforwardly from the corresponding one in Haimovich and

Mancilla-Aguilar (2019a). Moreover, the proof is not a simple
consequence of replacing the application of Gronwall inequality
by that of the current Lemma 3.2. Specifically, the expression to
be bounded does not anymore have the multiplicative form given
as g1(r)gz(s) in Lemma 3.11 of Haimovich and Mancilla-Aguilar
(2019a), leading to a novel bounding strategy.

Theorem 4.5. Let {¥X;, = (v, fr, 8 )}eca be a strongly ISS
parametrized family of impulsive systems with inputs and let As-
sumption 3 hold. Then, {X; };ca is UBEBS.

The proof of Theorem 4.5 requires the following lemma, whose
proof is given in Section 5.4.

Lemma 4.6. Suppose that {h)},c. has property UC and that
h,(t,0,0) =0 forallt > 0 and A € A. Then,

(B1) There exist ¢ € Ko and nondecreasing and continuous
functions Np, Oy : Rg — R such that!
[ha(t, &, 1) — hi(t, &, pa)l
< @nllir — p2))[Na(ED + On (1] A l12l)]

holds forallt > 0, £ € R", u1, u2 € RMand 1 € A.
(B2) There exist nn, ¢n € Koo, and P, : R>g — R nondecreasing
and continuous, such that forallt >0, &, & € R", u € R™,
and A € A,
[hA(t, &1, ) — hu(t, &2, )l
< (181 — EDIPa(IE11 A 1821) + @n(l]]-

If, in addition, {h; },c4 has property Uq, then also

(B3) Item (B2) holds with ny, such that for every M > 0 there exists
" = I"(M) so that
m(s) < L"s forall 0 <s <M, (14)

where the function L"(-) is continuous, nondecreasing, and
positive for M > 0.

Proof of Theorem 4.5. Let 8 € K£ and p € K characterize
the strong ISS property. Let ¢, Ny, Oy, 1y, ¢5, Py be the functions
given by Lemma 4.6 due to the fact that {f; },c4 has property 1/q,
and let g, Ng, Og, ng, @g, P; be those corresponding to {g;}ca,
which has property ¢C. Define h{, h§ : Rio — R via

hi(r, b) == No(B(r, 0) + p(b)) + Oa(b), (15)
h5(r, b) == Pa(B(r, 0) + p(b)), (16)

where a € {f, g}. Let I/ : R>o — R be continuous, nondecreas-
ing, and such that for every M > 0, (14) holds with ‘h’ replaced by
‘f’. In correspondence with every r > 0, define T, > 1 continuous
and such that
Blr, T, —1) <r/3,
by = p~'(r/3),
ha(r) := Hh(r.be) + Ii(r. by)

and also a7
M, :==r1/3, (18)
=1 M) (19)

For each j € Ny, consider the functions Ej : R‘;o — R given by

hi(p,T,r,s)=h_1(p, T, T, s)+
fooo~
[B(r. by) + s]elar b T+ (R (p. T, 7. 5)).

1 Recall the notation a A b = min{a, b}.



and define, forr > 0 and s > 0,

- - M,
p(r,s) = sup{p >0:hip,T,r,s) < >
VG, T)st.T>0T+j< Tr}.

Note that the functions Fl are nondecreasingjn j»p, T, r and s,
continuous in (p, T, r, s) over Rio, and satisfy h;(0, T, r,s) = 0 for
allj e Ngand (T, r,s) € R;O. In addition, the function flj(-, T,r,s)
is increasing for every j € Ng and (T, r,s) € Rio, and flj(p, T,r,-)
is increasing whenever p > 0 and r > 0. These facts make
p(r,s) > 0 forall r > 0 and s > 0, and p(r, -) decreasing. From
the definition of p(r, s), we have that for all r > 0 and s > 0,
hi(p.T.r.5) < M;/2

whenever p < p(r,s), T >0,T +j <T,. (20)
Consider the function £ : [1, 0c0) — R, defined via

oF) = sup w (21)
1<r<f D(r,r—1)

It is clear that £ is nondecreasing.
Claim 1. £(r) < oo forallt > 1.

Proof of Claim 1. Let ¥ > 1 and consider

T = sup T,
1<r<r
_ _ M
p::sup{pzo max h( T,r,r— 1)<—1}
JjeNg.j<T 2

Since T; is positive and continuous for r > 0, then T is finite and
positive. From the continuity and monotonicity properties of h;,
it follows that p > 0. From the corresponding definitions, it also
follows that p(r,r — 1) > p for all 1 < r <. In consequence, by
also taking into account the continuity of h; it follows that

P =1 _

£(F) < max
1<r<r D
It follows that there exists k € Ko such that ¢(r) < «(r) for
all r > 1. Define « € K4 Vvia
a(b) = k(3p(b)). (22)

Given an input u € i/ and a constant b > 0, let u, denote a new
input, defined as follows

bu(t)

if t € £2,(b),
up(t) = 1 [u(t)] 0) (23)
u(t) otherwise,
2u(b) = {t > 0: |u(t)] > b}. (24)
Note that |up(t)] = min{|u(t)|,b} for all ¢t > 0 and hence

lluplloo,y < b forall y
: =2 2
Let xi, x2 € Ko satisfy x; > max{gs, g7, "} and x >
max{gg, ¢;, @*}. We will establish UBEBS with gain (x1, x2). Let
tp >0, € R", A € A, set y = y,, and consider an input u € ¢/
such that

B [ ulluds+ Y s(us)) (25)
0

sey

Let x € Ty, (to, &, u) and define & € K, via

a(r)=p(r,0)+ % (26)

Claim 2. Let r be any real number such that r > 1+ E and
|x(to)| < r, then
[X(t)] < a(r) Vt >t (27)

Proof of Claim 2. For a fixed b > 0, let x, € Tg,(to, X(to), Up),
and Ax = x — x;,. From the strong ISS property, then

xo(] = B (1)l £ — to + 1, ) + (sl
< B(r. 0)+ p(b)

for all t > tp. From (3) and Assumption 3, it follows that

t
|Ax(8)] < /
to

> fete xe ) ue) — gtrx(e ) uso)

TeyN(ty.t]

< [ [ x06) — it ot wtsp s+
to
> feste x) e - gte xoe ), ue|+

TeyN(tp.t]

t
[ 1. 160 9 s 0.t s
> fete xe), ue) - g xue ) (o))

TeyN(top,t]

5. X(5), u(s)) = F(5, (), us(s))|ds+

t
< f 0 (| AX(S)| )Py (1x(5) Al s)] )+ (u(s) 1AS+
to

D gl AX(T ) gtxe Al g eI+

TeyN(t.t]
t
/ Or(Ju(s) — up(S) )N (xp(s)N+0p (Ju(s) Alup(s) 1S+
to

D Bellulr) — up(T) g ey (e HOg I A (D)
TeyN(ty.t]

holds for all t > to for which x(t) exists. Then, for all t > t, for
which x(t) exists,

| Ax(t) / (]Ax(s)

+ ) niax(x

TeyN(to.t]

+ H(r.b) / B(lu(s) — up(s))ds

Hy(r, b) + @r(Ju(s)|)1ds

TINS(r, b) + wg(lu(T)D)]

+H(rb) Y @allu(r) — up(T))). (28)

TeyN(to,t]

For t > tp, we have the following inequalities:

/ Fr(1(5) — up(5)))ds < / Fr(u(s)))ds
to £2y(b)
Y Glur)—up() < Y Fllu())

TeyN(t,t] TeyN§2y(b)

Applying the Schwarz inequality, then
/ F(u(E)ds < |2,(6)] [ F(1u(s)ds
$2y(b) Qu(b)
< |24(b)"2VE, and likewise

> Bellu(n))) < v/#ly N 2u(b)IVE.

teyN§2y(b)



where we have used the facts that x; > (p and x, > @?, and
where |£2,(b)| denotes the Lebesgue measure of the set £2,(b).
Also, we have

E> / sau(s))ds = 12u(b)xa(b),  and
$2y(b)

E> Y xu(r)) = #y N 2ub)xa(b),

Teyn§2y(b)

and hence

if b> 0.

1$2,(b)I = and  #[y N $2y(b)] <

E E
xi(b)’ ~ x2(b)

Combining the obtained inequalities, we reach, for b > 0,

/to Fr(1u(s) — up(s))ds < xi(b)S%’ (29)
- E E
> Gellulr) — up())) < —= < ) (30)

teyn§2y(b)

where we have used the facts that y; > «? and x, > o?. Let

b = b,. Define
=inf{t > to : |Ax(t)] = M;}.

We next show that ¢ — to + nz’to ; > Tr. Suppose on the contrary
that t —to +n ol = T.. From the definition of ¢ and the continuity
of Ax from the right, we have Ax(t) > M, and

[Ax(t)] < M;

From (14), then n;(|AX(t))) < LL|Ax(t)| forall tp < t < w
From (28) and (29)-(30), then for all t; < t <1, we have

foralltg <t <, (31)

AX(E) < p+ / a(s)] Ax(s)lds

+ ) cmmg|ax(zOl), (32)
TeyN(to.t]
with p— hy(r)E _ Hl(T)E"
a(b;) K(r)

= [Hy(r, b) + e (Ju(s)NIE,
o(t) = [HE(r, by) + @g(lu(o)))].

Note that (32) holds also at t = ¢ even if only (31) is true and
it happens that |Ax(t)| > M,. Applymg Lemma 3.2 w1th y(t) =
Ax(t), T = ,0 = y N(to,t] = {sj} <, with k = n([0 Bt {ci}e2 s
with ¢; = c(sj) for 1 < j < k and ¢; —OfOl‘] > kand o = 7y, it
follows that Ax must also satisfy

|Ax(1)] < h2(p, 1) (33)

with the functions h;o,j € Ny, as defined in Lemma 3.2.

Claim 3. Forallp>0,t>tyand0<j <k,
e (p. t) < hi(p. t — to, 1. E). (34)

Proof of Claim 3. We prove the claim by induction on j. Forj = 0,
we have that for all t > tg

BO(p, £) = pelio “
< pelP U E] _ foon ¢ g0 )
since
t t
| atsxs = [hé(r, bt — 1)+ | gomu(s)nds] Y
to to
< [H(r, b)(t — to) + EI (35)

because ¢ < xq and |ull,,,,,» = E.

Suppose now that for some 0 <j < k, (34) holds for all t > to.
Then, from the definition of the function h; it follows that

J+1
5. 0= B2(p.0) + Gr sup [ n((p, sl 4],
0=S=
Since ¢jt1 = c(sjt1) < h3(r,b;) + E, because ¢, < x, and
lltlly,, 5.y = E, and using (35), the nonnegativity of a, the

inductive hypothesis, and the fact that the functions »; and h; are
nondecreasing in each of their arguments, it follows that

hO,(p, t) < hi(p, t — to, 1, E)+ [K5(r, by) + E] -

J
ng(h(p. t — to, 1, E))
- tO; r, E)7

ol (rbr Xt —to)+E1E]

= ha(p. t

and the proof of the claim follows. o
From Claim 3 it then follows that

ho(p, ¢) < hilp, ¢
On the other hand, for all E < r — 1, we have

—to, 1, E).

_ hy(r)E - hi(r)(r — 1) - hy(r)(r — 1) p(r, r — 1)
Tk ~ () - k(r)  p(r,r—1)
< 5 ) < bir. B).

K (r)

Therefore, since ¢ — to + k < T;, it follows from the definition
of p that hy(p, t — ty, r, E) < M, /2 and then, from (33) that

|AX()] < h2(p, ¢) < hu(p, ¢ — to, T, E) < My /2,

which is a contradiction. Thus ¢ — tp + nt g > Tr. Therefore, the
solution x can be bounded as follows

X(E)] < [xb, (0] + | Ax(8)]
< Brt —to+nf, )+ p(b) + M;
< B(r,0) + p(br) + M, = &(r),

for all t > to such that t —ty + nt .11 < T Consider the sequence
t; <ty < ---, defined recurswely as follows, for j =10, 1, 2, .

G =infle > Gt —gG+ng =T — 1)

Note that T, — 1 < tj.1 — ¢ + n(t 4o = Troand that tj — oo

because y has no finite limit pomts It follows that
|X(t1)| = ﬁ(rv Tr - 1) + p(br) +Mr <r.

Shifting the initial time to t; and applying recursively the preced-
ing reasoning, we obtain

[x(t)] < a(r)
[X(tir1)l <.

This concludes the proof of the claim. o

If |x(to)| > 1+E, by applying Claim 2 with r = |x(tp)] it follows
that |x(t)| < a@(|x(to)|) for all t > t.

If |x(t))] < 1+ E, let t; = inf{t > ty : |x(t)] > 1+ E}. If
t; = oo, then |x(t)] < 1+ E for all t > to. If t; is finite, then
|x(t)] < 1+ E forall t € [ty, t1). If t; ¢ y, then |x(t;)] = 1 + E.
If t; € y, then [x(t)] < [x(t;)] + Iga(tr. x(t}), u(t;))l. From
(B1) in Assumption 3 and the fact that x, > ¢, it follows that
g.(t1, x(¢1), u(t1)) — gi(tr, x(ty ), 0)] < E[Ng(1+ E) + Og(0)] and
from (B2), also |gy(ty, x(t; ), 0) — g,(t1,0,0)] < ng(1 4 E)P¢(0).
Since in addition g,(ty, 0, 0) = 0, then |x(t;)] < (1+E)[14+Ng(1+
E) + 04(0)] + ng(1 + E)Pg(0) =: W(E), where ¥ : Ryg — Rxg
is continuous and nondecreasing. By applying Claim 2 with t;
instead of ty and r := W(E) > 1 + E we obtain |x(t)| < @ ¥(E)
for all t > t;. Therefore |x(t)] < a.W(E) for all t > ty. Since ¥

vt e [t, tiy1]



is continuous and nondecreasing, there exists e Ko such that
YU(r) <w(0)+ ¥(r)forall r > 0. For all t > ty we have

Ix(t)] < max{@(|x(to)|), @ ¥(E)}
< @(Ix(to)]) + & o W(E)
< a(|x(to)]) + &(2¥(E)) + a(2w(0)),

where ¥ (-) = @(2¥(-)) € Koo. It thus follows that the fam-
ily of impulsive systems is strongly UBEBS with UBEBS gain

(X1, x2). =
5. Complementary proofs
5.1. Proof of Lemma 3.2

For the sake of simplicity we write h; instead of he.

First, we prove that for all t < r < ¢, it happens that
he(p, r )efr ¥s < hy(p, t) for all k € Ny. For k = 0, we have

t

ho(p. )el 14 = pelto % — py(p, 1),
so that the inequality holds with equality for k = 0. Next, suppose
that the inequality holds for some k € Ny. We have
i (p, T)ell 4 = el @ (y(p, r)-

ciielo ™ sup [w(hy(p, s)e o]

to<s<r

= hy(p, r)elr 4
Ck+1eft0 s sup I:w(hk(pa s)e o a(r)dr]

to<s=r

a(s)ds

¢ S
=< h(p, t) + Ck+1€ft0 ©F sup [w(hk(P, s)e o a(r)dz]

tp<s<t
= hk«H(p» t),
so that the inequality holds for k + 1.
Define sq := to and recall that {sk _1» With s; > s, is the

sequence of points where y is dlscontmuous Letz : [to, T] = Rxp
be defined by

2t)=p+ / asys)ds+ Y cSoly(sO). (36)

fo seaN(tg,t]

By assumption, y(t) < z(t) for all t € [ty, T]. We will prove by
induction the following.
Claim: forall0 < k < N—1,z(t) < hi(p, t)forall sy <t < Sg41.
Case k = 0. We have that for all t € [sg, s1), o N (tg, t] = @.
Therefore, for all t € [so, S1),

z(t)=p —|—/ a(s)y(syds <p +/ a(s)z(s)ds.

to to
Applying Gronwall inequality, we have that

ffi) a(s)ds

z(t) < pe = ho(p, t) Vt € [so, s1).

Recursive step. Suppose that z(t) < hy(p, t) forall sy <t < Sgy1.

Since z(t) = p + ft SIS + D co ity 5 CS)0 (s 7)) for all
t € [Sk, Skr1), it follows that

Sk+1
pr [ aspss Y ol )
fo seaN(t,sk]
= Z(Sk_+1) < hi(p, Sk41)-
Therefore

i) =p+ / " alsyls)ds

to

+ ) c9)sT) + ne(s,))
seaN(tg,sk]
= Z(Spp1) + k10 (S14))
< 2(Sppq) T+ Cerr0(2(s,4))
< hi(p, Skv1) + Cer10(i(p, Ska1))-
Then, for all ;41 <t < Sg+2 we have that
t

2(t) = 2(s551) + / a(s)y(s)ds

Sk+1

t
< 2si0) + /
Sk+1

a(s)ds

a(s)z(s)ds

t
< Z(spr)eln

a(s)ds a(s)ds

t
+ Cryr10(hi(p, Sk ))efs"“
-Ia a(r)dr]
= hg41(p, 1)

This establishes the recursive step and concludes the proof of the
claim.

From the fact that z(t) < hy_q(p,t) for all sy_1 <t < sy
and proceeding as in the recursive step it follows that also z(t) <
hn(p, t) for all sy <t < T, which finishes the proof.

J‘[
< hi(p, Sky1)e ke

t
=< hk(p7 t) + Ck+1eft0 o [ sup Cl)(hk(p, S))e

fp<s<t

5.2. Proof of Lemma 3.3

The proof requires the following Claim, whose proof follows
from Appendix B of Haimovich and Mancilla-Aguilar (2018b) and
the fact that the functions f, and g, satisfy items (i) and (ii) of
Assumptions 1 and 2, respectively.

Claim 4. For every r* > 0 and n > O there exists k = k(r
such that forall . € A, t > 0, & € Bl and n € R™,

If)»(tsga/’(')_f)»(t» S’O)| =< n+KUf(|M|) and
lgx(t, &, ) — &t &, 0)] < n+ kvg(|ul)

*n)>0

Proof of Lemma 3.3. Fixr > 0 and n > 0, and define r*
B(r,0) >r.Let L = L(r) > 0 be a Lipschitz constant for f,(t, -,
on the compact set B, and valid for every t > 0 and every A €
(such a constant exists due to (iii) of Assumption 1). Let w
wpr € Koo be such that |g,(t, &1, 0) — gu(t, &, 0)] < o(|& — &)
for all £,,& € B, allt > 0 and all A € A [such a function
exists due to (iii) of Assumption 2]. Let x be the quantity given
by Claim 4 in correspondence with r* and 7. Let x € Tx; (to, Xo, )
with A € A, typ > 0, xg € R" and u € U satisfy |x(t)| < r for all
t > to. Let y € Ty, (to, X0, 0). Then, x(t), y(t) € B} for all t > t,.
Let t > to. For all t < t < t, we have, using (3),

X(x) — y(7)| 5/
+ Y [alexs ) uls) — (5. v(s7).0)]

s€yaN(to,]

NEER|

(5. X(5), ) = £(5. ¥(5). 0) s

Adding and subtracting f; (s, x(s), 0) and g; (s, x(s~), 0) within the
respective norm signs, employing the bound on f; and g, given
by Claim 4 and recalling the definition of L and «, it follows that
fi.(s, X(s), u(s)) — fu(s., (s, 0)]
=< n+wve(lu(s)) + LIx(s) — y(s)l,
)) — &(s,¥(s7), 0)]
=< n+ wvg(Ju(s)l) + o(Ix(s

lg(s, x(s™), u(s
) =y(sTD.



Defining z(t) = |x(t) — y(t)|, then for all ty < 7 <'t,

> I+ kxg(u(s)))]

sey.N(to.t]

t
2(1) < / [ + iy ([u(s)))1ds +
to

+ / TLz(s)ds—i— D> o)

fo seyN(t, 7]
T
< I:t - tO + n(y[t)t]] n + K”u(to,fl ”)(f,)(g,}/)L + L/ Z(S)dS

+ ) o)

seyaN(to.]

The result then follows from application of Lemma 3.2 (recall
Remark 4) and the fact that |x(t)] < |y(t)| + z(t) < B(|xol,t —
to + n(VpO,[]) + z(t).

5.3. Proof of Lemma 3.4

Let o, p1, p2 and ¢ be as in the estimate (9). Let p; =
max{p1, vy} and p, := max{p,, vg}. For r > 0 define

a(r) = sup | IX(0) 1 X € T, (t0, %0, 1),
reA t=1th=0, x| =T, IIuIIASr}

where |[ull;, := llull3,,5,.y,- From this definition, it follows that &
is nondecreasing and from (9) that it is finite for all r > 0. Next,
we show that lim,_ ¢+ @(r) = 0. Let 8 € KL be the function
which characterizes the strong 0-GUAS property of the family
of systems. Let r* = o~ (2 +c)and let L = L(r*) > 0 and
w = w+ € Ky be given by Lemma 3.3 and let h;),j =0,1,...,
be the functions defined in Lemma 3.2 in correspondence with
a(s) = L (recall Remark 4) and ¢; = 1. Let ¢ > 0 be arbitrary.
Pick 0 < §; < 1 such that ; < B(8;,0) < &/2,and T > 0 such
that (61, T) < 61/2. Let k = [T1+ 1, where [s] denotes the least
integer not less than s € R. Since hg is continuous and hg(O, t)=0

for all t > 0, then there exists § > 0 such that hg(S, k) < 81/2.
Define n = % and let « = «(r*, ) > 0 be given by Lemma 3.3.
Set 8 = min{, 1}.

Then, for every x € Tx, (to, Xo, U), With A € A, to > 0, |xo| < &1,
lull, < &2, we claim that |x(t)] < ¢ for all t > ty. First, note
that under the given bounds for xo and u, from (9) it follows that
a(|x(t)]) < 81 +6 + ¢ < 2+ c, and hence |x(t)] < r* for all
t > tp > 0. Consider the sequence ty < t; < t; < - - -, recursively
defined as follows:

G =inf{t > Gt —gG+ni  =Th j=0.

y -
We note that T < tj 1 —tj+ ”(é,rjﬂj < k and that t; - oo (see

the proof of Haimovich et al., 2019, Lemma 3.3). Let I; = (tj, tj41]
for j > 0. The application of Lemma 3.3 with x; = p; and xz = 0
gives the estimate (12) for all t > t,. Then, by taking into account
that n(yt*0 . < kforall t € o, that the functions hJ‘? are separately
increasing in their arguments and hjo < hjoﬂ for all j > 0, the
definitions of T, n, §; and §,, and (12), it follows that for all t € I,

o 1)
X0 = Allxol. 0)+ B K) < S+ <& and

~ - 8 )
x(e) < Blxol. T) + G K) < = + 2 < 1.

By using recursively the same argument on each interval J;
we obtain than [x(t)] < e for all t € [ and [x(tj41)] < 61.
In consequence, |x(t)] < ¢ for all t > t; as we claim. Thus, if
8 = min{dy, 8>}, for all x € Tx, (to, X0, u), With A € A, tp > 0,

|xo| < & and ||lul, < 8, we have [x(t)| < ¢ for all t > t,. Therefore,
a(r) < a(d) <eforall0 <r < 4§ and lim,_ o+ a(r) = 0.

Since « is nondecreasing and lim,_ o+ @(r) = 0 there exists
& € Ko such that &(r) > a(r) for all r > 0. Let x € T, (to, Xo, U)
with A € A, tp > 0,x € R"and u € ¢. Let t > tp and let u, ;1 be
the input which coincides with u on (t, t] and is zero elsewhere.
From well-known results on differential equations, there exists
X* € Tg,(to, X0, Uggy,e) such that x*(zv) = x(z) for all T € [to, t].
By using the definition of @ and the fact that a(r) > a(r), we
then have [x(t)| = [x*(t)] < &(|xol) + &(llty,e11I;.)- Define & € Koo
via @(s) = a~(s)/2. Applying @ to both sides of the preceding
inequality and using the fact that a@(a + b) < «(2a) + a(2b), we
reach a(|x(t)]) < |xo| + llugq,qllx, which establishes the result.

5.4. Proof of Lemma 4.6
We first prove the following result.

Lemma 5.1. Suppose that the family {h; },c has property UC and
that h;(t,0,0) = O forallt > 0 and A € A. Then there exists
w € Koo such that for every r > 0 there exists L = L(r) > 0 such
that

[ha(t, &1, 1) — ha(t, &2, w2)l < L w(max{|§r — &, 1 — pal})
foralli e A, t >0,&;,& € B} and puq, pp € B

Proof. We claim the following:

(a) for every r > 0 there exists C = C(r) > 0 such that
[h(t, &, n)| < C forall (t,&, u) € Rsg x B} x B

To prove our claim, let r > 0. Let 6* > 0 be the positive
number corresponding to ¢* = 1 and r according to item (i) in
Definition 4.1. Define N* = [r/6*]. Given A € A and (&, 1) € B x
B define & = & and pj = #-p forj=0,...,N*. Then & =0,
po = 0, &y = &, un+ = p and max{[§p1 — &, |1 — wyl} < 6*
forallj=0,...,N*— 1. Then, from the definition of §*, the facts
that h,(t, 0,0) = 0 and (§j, u;) € BY x B for all j and the triangle
inequality, we have that

N*—1
ha(t, &, 1)l < > e, &ea, o) — halt, &, )l < N7,

j=0
showing that (a) holds with C(r) = N*.

From (a) and Definition 4.1 it follows that for every r > 0 there

exists wy € Ko, with the following properties:

e forallAe A, t>0,&,& €B},and u1, up € BT,

[t &1y 1) — ha(t, &2, 142)[<
or(max{|&; — &I, [u1 — pal});

o w(8) <ws(d)forall0 <r <sandé > 0.

For each s > 0, the equation ws(R) = 27° has a unique positive
solution R* = R*(s). Note that R* : R.y — R.q is strictly
decreasing and lims_, o, R*(s) = 0 necessarily. Let R : R.q —
R. o be any strictly decreasing and continuous function such that
R(s) < R*(s) for all? s > 0. The restriction of the function R to the
interval [1, oo) has a strictly decreasing and continuous inverse
S :(0,R(1)] — [1, co) that satisfies lim,_, ¢+ S(r) = oco. Consider
the function w : R>g — R defined via

0 ifr=0,
o(r) = 42750 if 0 <r <R(1),
271 —R(1)+r ifr > R(1).

2 Such a function R always exists. Take, e.g., R(k) :== R*(k+ 1) for every k € N
and R(s) := (1 — s+ k)R(k) + (s — k)R(k + 1) for s € (k, k + 1).



Then, w € Ko and o(r) > wsy)(r) whenever 0 < r < R(1).
letr > 0,2 € At > 0,&,& € B!, ui,u2 € B! and
A = max{|&; — &|, |u1 — u2|}. Consider C = C(r) as given by
(a). If A > R(1), it follows that

I (t, &1, 1) — It &, w2)l - 2€(r) .

(A) ~ w(R(1))
If0 < A<R(1)and A < R(r), then S(A) > r and
wr(A) < ws(a)(4) < (4).
If0 <A <R(1)and A > R(r), then
wr(A) = r(R(1)) and  o(A) = o(R(r)).
Therefore, in the case 0 < A < R(1) it follows that

[y (8,61, 1) —hy (8,62, 12)

[y (6,81, 11)—hy (8,62, 12) ) wr(A)

w(A) wr(A) w(A)
G PN R(r)
< wr(A) < w(A) - - ’
= w(A) T | o (R(1))
T(R(r)) , A >R().
The lemma is established after defining L = L(r) :=

max{1, 2C(r)/o(R(1)), or(R(1))/w(R(r))}. o
Employing Lemma 5.1 it straightforwardly follows that

(A1) There exists w; € Ko and for every r,s > 0, there exists
L1 = Ly(r, s) > 0 such that

[hi(t, &, 1) — ha(t, &, ma)l < Lio(lr — pal) (37)

forallt >0, & € B, u1, up € Bl and A € A.
(A2) There exists w, € K, and for every r,s > 0, there exists
Ly = Ly(r, s) > 0 such that

[ (t, &1, ) — hi(t, &2, 1)l < Lawy(|&1 — &) (38)
forallt >0,&,& €B}, neBland A € A.

By copying the proof of Lemma 3.4 in Haimovich and Mancilla-
Aguilar (2019a), it follows that (A1)-(A2) are equivalent to (B1)-
(B2). If, in addition, {h; },cs € UG, then

(A3) Item (A2) holds with wy(r) =r.

Again, copying the proof of Lemma 34 in
Haimovich and Mancilla-Aguilar (2019a) and taking into account
Remark 3.5 therein, it follows that (A1)-(A3) are equivalent to
(B1)—(B3). This concludes the proof of Lemma 4.6. ®

5.5. Proof of Lemma 4.2

By assumption and using Lemma 4.6, we have

fi(t, &, 1)l
< Uit &, ) = fi(t £, 0) + Lfit. £, 0) — (£, 0, 0)]
< @r(ILDINF(IE]) + O (0)] + np(E1IPF(0) + @7 (0)]
< NOEDIT + @I,

where we have defined N(s) = max{P(0)ns(s), Or(0) + Ns(s), 1}
and noted that ¢7(0) = 0. Since N satisfies N : R>p — R.o and
is nondecreasing, then item (i) of Assumption 1 follows.

Item (ii) of Assumption 1 follows from item (i) of Definition 4.1
setting &1 =& =&, uy = p and pup = 0.

Item (iii) of Assumption 1 follows straightforwardly from
item (ii) of Definition 4.1 setting u = 0.

Items (i) and (ii) of Assumption 2 follow analogously to those
of Assumption 1, and item (iii) follows straightforwardly from
Lemma 5.1 setting © = 0 and wg = L(R)w. W

6. Conclusions

We have considered a strong version of asymptotic stability
for time-varying impulsive systems whereby the convergence to
zero of a state trajectory depends not only on elapsed time but
also on the number of jumps that occur. In this setting, we have
established that strong ISS implies strong ilSS. This implication is
established without resorting to any type of Lyapunov function
because the latter may not exist for the type of systems con-
sidered. Future work may consider determining to what extent
the current results may apply when stability is understood in the
usual (weak) sense.
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