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Abstract—We provide a Lyapunov-function-based method for
establishing different types of uniform input-to-state stability
(ISS) for time-varying impulsive systems. The method generalizes
to impulsive systems with inputs the well-established philosophy
of assessing the stability of a system by reducing the problem to
that of the stability of a scalar system given by the evolution of
the Lyapunov function on the system trajectories. This reduction
is performed in such a way so that the resulting scalar system
has no inputs. Novel sufficient conditions for ISS are provided,
which generalize existing results for time-invariant and time-
varying, switched and nonswitched, impulsive and nonimpulsive
systems in several directions.

I. INTRODUCTION

Impulsive systems are dynamical systems whose state
evolves continuously most of the time but may exhibit jumps
(discontinuities) at isolated time instants [1]. The continuous
evolution of the state (i.e. between jumps) is governed by
ordinary differential equations. The time instants when jumps
occur are part of the impulsive system definition and the after-
jump value of the state vector is governed by a static (i.e. not
differential) equation. If the impulsive system has inputs, these
may affect both the flow (i.e. the continuous evolution) and
the jump equations [2].

When investigating stability of a system, it is important
to characterize the effects of external inputs. The concept
of input-to-state stability (ISS), originally introduced for
continuous-time systems in [3], has proved useful in this
regard. ISS were subsequently extended and studied for other
classes of systems: time-varying systems [4], discrete-time
systems [5], switched systems [6], hybrid systems [7] and
infinite dimensional systems [8], [9].

The stability of an impulsive system is related to the
interplay between the flow and jump equations. For example,
in one impulsive system the flow equation may be destabilizing
and the jump equation stabilizing, and in another the converse
situation may hold. Hence, in either situation the frequency
of occurrence of jumps may be decisive as far as stability is
concerned. Sufficient conditions for ISS based on Lyapunov-
type functions and on the frequency of jump occurrence have
been derived in [10]. The results of [10] apply to impulsive

J.L. Mancilla-Aguilar is with Departamento de Matemdtica, Instituto Tec-
nolégico de Buenos Aires, Avda. Madero 399, Buenos Aires, Argentina. (e-
mail: jmancill@itba.edu.ar).

H. Haimovich is with the International Center for Information and Systems
Science (CIFASIS), CONICET-UNR, Ocampo y Esmeralda, 2000 Rosario,
Argentina. (e-mail: haimovich@cifasis-conicet.gov.ar)

Work partially supported by ANPCyT grant PICT 2018-1385, Argentina.

systems where both the flow and jump equations are time-
invariant. Note, however, that even in the case where neither
equation depends explicitly on time, the impulsive system is
not time-invariant due to the fact that the impulse times are
fixed and part of the system definition.

Since the appearance of [10], many works have addressed
the stability of impulsive systems with inputs from ISS-related
standpoints [11]-[21]. Among these works, we can find results
for linear time-varying flow and jump equations [16], for
nonlinear time-invariant flow equation [15], [18], [22]-[24],
for impulsive systems with time delays [11], [14], [17], [20],
[21], and for impulsive systems involving switching [12], [13],
[19]. In addition, some results for hybrid systems may also be
applicable to impulsive systems [25]-[27].

The Lyapunov-function conditions in a majority of these
results (except for [13], [15], [22]-[24]), however, resemble
exponential-type conditions: during flows, the time-derivative
along any trajectory is not greater than some coefficient
times the value of the Lyapunov function; after jumps, the
value of the Lyapunov function is not greater than another
coefficient times the value immediately before the jump. Some
generalization of the form of these conditions appears in [20],
[21], [28], where some of the coefficients recently mentioned
can be time-varying. To the best of our knowledge, [13],
[15], [22]-[24] are the only works among those previously
mentioned that provide results employing a qualitatively more
general form for the conditions on the Lyapunov function in
the sense that the conditions are genuinely nonlinear on the
Lyapunov function.

As is well-known, the ISS property imposes a bound on
the state trajectory comprising a decaying-to-zero term whose
amplitude depends on the initial state value, and an input-
magnitude-dependent term. As already explained in [10], the
decaying term in the ISS definition employed for impulsive
systems decays as elapsed time progresses but is insensitive
to the occurrence of jumps. This is in contrast with hybrid
systems [7], [29] where the decaying term also decreases when
a jump occurs.

In this paper, we consider two ISS notions, namely weak
and strong ISS. The decaying term in the former is insensitive
to jumps whereas that of the latter causes additional decay
with each jump. The weak ISS property is the one considered
in most of the literature of impulsive systems, while strong
ISS is a standard stability concept for hybrid systems (see [7]
and [27]). The concept of strong ISS gives a more accurate
description of the behaviour of the trajectories of the system,
especially when the impulse-time sequence has no dwell or
average dwell time. In addition, for such a stronger stability



property it is possible to show that ISS implies integral
ISS [30]. Another reason for considering this strong stability
property is that it is robust [31], whereas the weak counterpart
is not [32].

We provide a method for establishing the uniform ISS
of families of impulsive systems, based on Lyapunov-type
functions (Theorem 3.1). In essence, the method mimics
the already standard philosophy for nonimpulsive systems of
reducing the problem to the assessment of the stability of
systems given by the evolution of the Lyapunov functions on
the system trajectories. Our construction is such that these
comparison-type systems have two salient advantages: they are
scalar and have no inputs. Moreover, the conditions imposed
on the Lyapunov-type functions, and hence on the resulting
comparison-type systems, are sufficiently general so as to
allow assessing uniform ISS of impulsive systems over classes
of impulse-time sequences as well as over families of systems
whose system functions belong to some prescribed sets, as
in the case of switched impulsive systems. The ISS results
we give in this paper contain several existing ones for both
impulsive and nonimpulsive, switched and nonswitched sys-
tems as particular cases. To allow even greater generality, our
results are given in the (time-varying) two-measure framework
introduced by Movchan in [33] for nonimpulsive systems
without inputs (see the book [34] for a general treatment of
the stability in two measures and the papers [35] and [36] for
extensions to system with inputs).

Based on the given method, we derive several sufficient con-
ditions for ISS. Specifically, Theorem 4.1 applies to impulsive
systems where the continuous part is stabilizing. This theorem
generalizes and strengthens existing results for nonimpulsive
time-invariant and time-varying systems in [37]-[39]. Theo-
rem 4.2 and its Corollary 4.3 provide results when the impulse-
time sequences satisfy average or reverse-average dwell-time
conditions and generalize/strengthen results in [10], [28],
[40]. Theorem 4.4 applies when the impulse-time sequences
have minimum or maximum dwell times and generalize and
strengthen results in [15]. We also give two sets of sufficient
conditions especially suited to switched impulsive systems in
Theorems 5.1 and 5.2, which generalize and strengthen results
in [13], [41].

This section ends with a brief explanation of the notation
employed. In Section II, we describe the type of systems
considered as well as the stability concepts employed and
their interrelationships. Our main result, namely the Lyapunov
function-based method, is given in Section IIl. Sections IV
and V derive sufficient conditions for ISS, all based on our
main result. The results in Section V are especially suited to
switching impulsive systems. Section VI contains some tech-
nical or lengthy proofs. Conclusions are given in Section VII.

Notation. N, R, R+ and R>( denote the natural numbers,
reals, positive reals and nonnegative reals, respectively. ||
denotes the Euclidean norm of x € RP. We write o € K
if « : Ryp — Ry is continuous, strictly increasing and
a(0) =0, and « € K, if, in addition, « is unbounded. We
write 3 € KLif B : R>g xR0 = Rxo, B(+,t) € Ko for any
t > 0 and, for any fixed r > 0, B(r, t) monotonically decreases

to zero as t — oo. For any function h : I C R — RP, h(t7)

and h(t™) denote, respectively, the left and right limits of &
at t € R, when they exist and are finite. For every n € N and
r > 0, we define the closed ball B? := {z € R" : |z| < r}.
Without risk of confusion, if v = {Tk}gzl, then ~ can
be interpreted as both the sequence {7;}7_, and the set
{mx : k € N;1 <k < N+1}. Foraset S CR, |S]| denotes
the Lebesgue measure of S. A function h : D — R", with
D C RxR™ an open or closed set, is said to be a Carathéodory
function if h(t, £) is measurable in ¢ for fixed £, continuous in
¢ for fixed t, and for every compact set K C D, there exists
an integrable function mg () such that |h(¢,&)| < mg(¢) for
all (¢,€) € K (see [42, Sec. 1.5]).

II. STABILITY OF IMPULSIVE SYSTEMS WITH INPUTS
A. Impulsive systems with inputs

Consider the time-varying impulsive system with inputs X
defined by the equations

@(t) = [t x(t), ult)),
w(t) = x(t™) + gt x(t™), u(t)),

where ¢ > 0, the state variable x(t) € R™, the input variable
u(t) € R™, f and g are functions from R>o x R™ x R™ to
R™, and v = {7, }2_; C (0,00), with N finite or N = oo is
the impulse-time sequence. We shall refer to f and to (1a) as,
respectively, the flow map and the flow equation and to g and
to (1b) as, respectively, the jump map and the jump equation.
By “input”, we mean a Lebesgue measurable and locally
essentially bounded function u : [0, 00) — R™; we denote by
U the set of all the inputs. As is usual for impulsive systems,
we only consider impulse-time sequences v = {7x}2_, that
are strictly increasing and have no finite limit points, i.e.
limy_,oo 7 = oo when the sequence is infinite; we employ
T" to denote the set of all such impulse-time sequences. For
any sequence v = {7,}i_, € I' we define for convenience
7o = 0 and 741 = oo when N is finite; nevertheless, 7 is
never an impulse time, because v C (0, 00) by definition.

We assume that for each input u € U the map f,(t,&) :=
f(t,& u(t)) is a Carathéodory function and hence the (local)
existence of solutions of the differential equation () =
ft,z(t),u(t)) is ensured (see [42, Thm. L.5.1]).

The impulsive system 3 is completely determined by the
sequence of impulse times ~ and the flow and jump maps f
and g. Hence, we write ¥ = (v, f,¢g). Given v € I" and an
interval I C [0, 00), we define n] as the number of elements
of ~ that lie in the interval [I:

n} = #[ynI]. (2)

A solution of X = (v, f, g) corresponding to an initial time
to > 0, an initial state o € R™ and an input u € U is a
function x : [tg, T;) — R™ such that:

1) z(to) = zo;

ii) x is locally absolutely continuous on each interval J =
[t1,t2) C [to,Ty) without points of + in its interior, and
z(t) = f(t,x(t),u(t)) for almost all ¢ € J; and

iii) for all t € yN(to, Ty ), the left limit (¢~ ) exists and is fi-
nite, and it happens that z(t) = z(t7) +g(t, z(t7), u(t)).

(1a)
(1b)

for t & ~,
for t € 7,



Note that ii) implies that for all ¢ € [to,T), x(t) = z(tT),
i.e. z is right-continuous at ¢.

The solution z is said to be maximally defined if no other
solution y : [tg,Ty) satisfies y(t) = x(t) for all t € [ty,T,)
and has T, > T,,. We will use 7x (¢, zo,u) to denote the set
of maximally defined solutions of ¥ corresponding to initial
time t, initial state o and input u.

Remark 1: Note that even if ty3 € +, any solution x €
Ts(to, xo,u) begins its evolution by “flowing” and not by
“jumping”. This is because in item iii) above, the time instants
where jumps occur are those in v N (tg, T ). o

B. Families of impulsive systems

Often one is interested in determining whether some stabil-
ity property holds not just for a single impulse-time sequence
~ € T but also uniformly for some family & C I'. For
example, the family S could contain all those impulse-time
sequences having some minimum, maximum or average dwell
time. Another situation of interest is to determine if some
stability property holds not just for a single pair of functions
(f, g) but also for all pairs (f,g) belonging to some given set
JF. To take into account these and other situations, we consider
a parametrized family Y5 := {Xx = (7x, fx,90)}ren of
impulsive systems with inputs, where A is an index set (i.e.
an arbitrary nonempty set). For example, if we are interested
in studying stability properties of systems modelled by (1)
which hold uniformly over a class S C I', then we set S as
the index set, and consider the parametrized family of systems
{E, = (7, f,9) }es- By taking as index set A = F and con-
sidering the family {3 4y = (7, f,9)}(f,9)ea We can handle
the other mentioned situation. Another interesting situation we
can handle in our framework is that of switched impulsive
systems (see for instance [13]). This will be explained in
Section V.

C. Stability definitions

Stability notions for systems with inputs that are uniform
with respect to initial time, such as uniform ISS, bound the
state trajectory in relation to initial state, elapsed time and
input. In the context of impulsive systems, the input can be
interpreted as having both a continuous-time and an impulsive
component. From (1b) one observes that the values of u at the
instants ¢ € v may instantaneously affect the state trajectory.
For this reason, input bounds suitable for the required stability
properties have to account for the instantaneous values wu(t) at
t € . Given an input u € U, an impulse-time sequence v € I'
and an interval I C R>, we thus define

sup |u(t)} , 3)

lur|ly = max {ess. sup |u(t)],
tel teynI

When I = [0, 00) we simply write ||u||. This definition is in
agreement with that employed in [7], [29] in the context of
hybrid systems.

To perform stability analysis in terms of two measures (see
[13], [43]), we consider the set H of functions i : R>gxR"™ —
R> and define the following stability notions. The reader not
familiar with stability in terms of two measures can still get

a fair idea of our results by considering only the standard
ISS property. However, the use of the two-measure framework
allows far greater generality.

Definition 2.1: Let h°, h € H. We say that the parametrized
family X5 = {Zx = (7r, fx, 90) }aea of impulsive systems
with inputs is
a) weakly (h°, h)-ISS if there exist 8 € KL and p € Ko

such that for all A € A, tg > 0, zop € R™, u € U and
x € Tg, (to, To, u), it happens that for all ¢ € [to, Ty)

h(t,l’(t)) < 6 (ho<t0,$0>,t - tO) + p(||u(t07t]||7x); (4)

b) strongly (h°, h)-ISS if there exist 5 € KL and p € Ko
such that for all A € A, t9g > 0, 29 € R", u € U and
x € Ts, (to, To, ), it happens that for all ¢ € [to, T})

h(t,z(t)) < B (ho(tovxo)vt —to+ ”Ztt),t])
+ p(l[ugee,nllyva ) 5

By suitable selection of KO and h, one can recover the def-
initions of different stability properties usually considered in
the analysis of both impulsive and nonimpulsive systems. For
example, with h9(t,2) = h(t,x) = ||, the weak (h°, h)-ISS
property becomes the standard ISS property considered in the
literature of systems with inputs. So, we say that X5 is weakly
or strongly ISS when it is, respectively, weakly or strongly
(h°, h)-ISS with h°(t,z) = h(t,z) = |z|. By considering, in
addition, that the set where the inputs take values is RY := {0},
then the standard definition of global uniform asymptotic
stability (GUAS) for systems without inputs is recovered. By
taking h°(t,z) = |x| we obtain an extension of the input-to-
output stability property (IOS) studied in [44]; see [13] for
more examples.

Remark 2: Due to causality and the Markov property,
equivalent definitions of (h°, h)-ISS are obtained if [|u (s, 4|4
is replaced by |||+, in (4) or (5). Note that we do not require
the solutions of (1) to be defined for all ¢ > ¢t in the definitions
of the different stability properties. In general, the (h°, h)-ISS
property does not by itself imply the existence of the solution
x(t) for all times ¢t > t(, since x(¢) may be unbounded on the
finite interval [to, T;;) while h(¢, z(t)) may remain bounded on
that interval. An additional condition that ensures existence of
the solutions for all times ¢ > ¢( is the following: for every
M > 0 and every finite interval J C Rx, there exists M >0
such that h(t,z) < M and ¢ € J imply |z| < M. o

All the properties in Definition 2.1 are uniform with respect
to both initial time ¢y and the different systems within the
family ¥5. The decaying term in a weak property is in-
sensitive to jumps, whereas that of a strong property forces
an additional decay whenever a jump occurs. The weak
ISS property is the one considered in most of the literature
on impulsive systems with inputs, whereas strong ISS is
in agreement with the ISS property for hybrid systems as
in [25]. Strong (h°,h)-ISS from Definition 2.1 could be

defined equivalently replacing (h"(to, Zo),t —to + n?t*o t])
by 3 (ho(to,:c(to)),t - to’nZto t]) with 8 € KLL". The latter

l\X{e write B € KLLif B:R>o X R>g X R>g = R0, B(',& yeKL
and B(-,-,s) € KL for every s > 0.



form, with h(t,x) = h°(t,x) = |z|, is the one employed
in [7], [29]. The equivalence between these is explained in
footnote 2 on p. 1397 of [25] and based on Lemma 6.1 of
[45].

D. Relationship between stability properties

Since B(r,s +t) < B(r,s) for every (r,s,t) € R3, and
every B3 € KL, it is clear that strong (h°,h)-ISS implies
weak (h°, h)-ISS. The following property will be useful in
establishing the converse implication.

Definition 2.2: Consider a set S C I' of impulse-time
sequences. We say that S is uniformly incrementally bounded
(UIB) if there exists a continuous and nondecreasing function
¢ : R>g — Rxq so that n?to’t] < @t — ty) for every v € S
and all t >ty > 0.

Note that sequences corresponding to minimum or average
dwell time are UIB. The following example shows that,
however, not every v € I' is UIB.

Example 1: Consider the sequence v = {7}, with
71 = 1 and 7441 = 7 + 1/(k + 1). Note that ~ is a strictly
increasing sequence and limy oo 7 = > 0, (1/k) = oo.
Then v has no finite limit points and hence v € I". However,
limg oo Th41 — T = limg 0o 1/(k + 1) = 0, and hence
consecutive elements of - occur closer together as time
increases. Then, if we consider the interval (to,to + 1] and
the number of elements of ~y that fall within the latter interval,

namely n?to,t0+1]’ it follows that lime, 0o nl; , 4y = 0.
This shows that v is not UIB. o

Under UIB, weak and strong (h°, h)-ISS become equiva-
lent.

Proposition 2.3: Let Y5 = {Zx = (7x, fx,97) }rea be a
parametrized family of impulsive systems with inputs and let
hyhe € H.If Ty = {7 : A € A} is UIB, then X4 is strongly
(h®, h)-ISS if and only if it is weakly (h°, h)-ISS.

The proof of Proposition 2.3 is provided in Section VI-A.
The relationships between the stability properties considered
can be summarized in the following chart.

weak (h°, h)-ISS
UIB

strong (h°, h)-ISS

III. MAIN RESULT

In this section we give a result for establishing the weak
or strong (h°, h)-ISS of a parametrized family of impulsive
systems with inputs. This result involves the existence of a
family of Lyapunov-like functions. In order to relax regularity
conditions on the latter, especially in the case of impulsive
switched systems, we introduce the following classes of func-
tions. Given an impulse-time sequence v = {7 }2_, € T, we
say that V' : R>o x R™ — R belongs to class V(), and write
V e V(n), if

i) V is locally Lipschitz on? [7, Tx41) X R™ for 0 < k <

N +1;
ii) for each 7 € v and § € R, limy ¢y o) V(,() =
lim; - V(t,§) =V (77, 9).

2Recall that 79 = 0 and that TN4+1 = oo when N is finite.

Note that if V' € V(v), then V(+, &) need not be continuous at
t € . Given a flow map f, the upper-right Dini derivative of
V along f at (£,&, 1) € R>o x R™ x R™ is
V(it+h hf(t -Vt
D}'V(t,f,,u) ::hmsup ( + 7£+ f( 75,,[14)) ( ag)
h—0+ h

In our main result, we will suppose that the parametrized
family {3x = (7, fx,9r) faea and the functions h°, h € H
satisfy the following assumption.
Assumption 1: There exists a parametrized family {V) }rea
of functions V) € V(v,) such that
a) there exist ¢, g2 € K so that for all A € A, ¢ > 0 and
& e R,

P1(h(t,€)) < Va(t,€) < ¢2(h°(t,€)); (6)

b) there exist y € Ko, and m € K, such that for each A € A
there exist a Carathéodory function ¢y : R>g x R>g = R
and a function a : R>¢ X R>o — Ry>¢ such that the
following hold for all ¢ > 0, £ € R™ and p € R™:

D) Dy WAt E ) < —pa(t, Va(t,€)) if t ¢ v\ and
VA(E,€) = x(|ul);

11) V)\(tv g +g)\(tv ga :u)) < O[)\(t, V)\(tia 5)) ift € 90) and
VA, 8) = x(luh:
Vat™,8) < x(ul)-

We note that no regularity condition is assumed on the
functions « appearing in bii).

For @), a) and v, € I' as in Assumption 1, we consider
the following parametrized family of one-dimensional differ-
ential/difference inclusion systems, which we henceforth call
comparison systems,

£(t) € (—o0, —pal(t, 2(1))],
Z(t) € [07 az\(tv Z(t_))]’

We say that a function z : I, — Rxg, with I, = [to,T) is a
solution of (7) corresponding to A € A, initial time ¢y > 0 and
initial condition zy > 0 ifi) z(tg) = 2, i1) if J = [t1,t2) C I,
has no points of «y, in its interior, then z is locally absolutely
continuous on J and 2(t) < —py (¢, 2(t)) for almost all ¢ € J,
and iii) for every ¢ € v N (to,T%), it happens that z(¢~) exists
and 0 < z(t) < ax(t,z(t7)). We will employ Cx (%o, z0) to
denote the set of solutions z of (7) corresponding to A € A,
initial time ¢ and initial condition zy. For every A € A, 5 > 0
and 29 > 0, note that the definition of solution requires that
for all z € Cy(to, 20), 2(t) > 0 for all ¢t € I,. We say that the
parametrized family (7) is weakly or strongly GUAS if there
exists a function 5 € KL such that every z € Cy(to, z0) with
A€ A, typ >0 and zy > 0 satisfies for all ¢ € I, respectively

2(t) < B (20, — to)
) <8 (20t 1o+ )

< w(lpl) if ¢ € 7 and

(7a)
(7b)

t &,
t € v,

(weak),  (8)
(strong). ©)]

Remark 3: If for some A € A, a5 (¢, r) is nondecreasing in
r for every ¢ € v, then each z € Cy(to, 20) can be bounded
from above by some solution w of the impulsive system

w(t) = —palt, w(t)), tg&y  (10a)



w(t) = ax(t,w(t™)), (10b)

which satisfies w(tg) = zo. Then, when checking the GUAS of
(7), for those parameters A for which «y (¢, 7) is nondecreasing
in 7 it is sufficient to only consider the solutions of (10) instead
of all the solutions of (7), i.e. we can replace (7) by (10). The
latter fact can be shown following the proof of Theorem 1.4.3
in [1] replacing left-continuity by right-continuity and relaxing
the continuity of the flow map to a Carathéodory condition.
When « (¢, r) is not nondecreasing in r, such a simplification
is not possible. )

Our main result is the following.

Theorem 3.1: Consider a parametrized family X, =
{Zx = (9a, fxs 90) F e of impulsive systems with inputs. Let
h°,h € H and let Assumption 1 hold. Then X, is weakly or
strongly (h°, h)-ISS if the family (7) of parametrized systems
is, respectively, weakly or strongly GUAS.

Proof: Assume that the parametrized family (7) is weakly
or strongly GUAS, and let § € KL be as in (8) or (9),
respectively. Let b > 0, let A € A, let tg > 0, let g € R",
let uw € U be such that |lull,, < b and let z € Ts, (to, zo,u),
x: [to, Ty) — R™

Define the function vy : [to,Ty) — R>o via vp(t) =
V(t, z(t)). From the facts that V' € V() and z is a solution
of the impulsive system X it follows that vy restricted to
any interval J = [t1,t2) C [to,T,) without points of vy
in its interior is locally absolutely continuous (note that this
implies that vy is right-continuous). It also follows that for
each 7 € vy N (to, Ty ), then vy (77) = limy_, .- Vi (¢, 2(t)) =
limg .- Va(t,z(77)) = Va(r 7, z(77)).

If va(t) > x(b) for all t € [tg,Ty), define t1 := T.
Otherwise, let ¢; := inf{t € [to,T%) : va(t) < x(b)}. Then,
ua(t) > x(b) forall t € [to,t1). If t1 < Ty, also vx(t1) < x(b)
by right-continuity.

Due to Assumption 1bi) we have that

L€

A (t) < —(t,vx(t)) for almost all ¢ € [tg,t1) \ va. (11)
Assumption 1bii) implies that
OS’U)\(t) Sa(t,w\(t_)) Vit € (t07t1)ﬂ’}/)\. (12)

In consequence, the function vy restricted to [to,t1), which
we still denote by vy, satisfies vy € Cx(to, va(to)) and then

ua(t) < B (valto),t —to)
if (7) is weakly GUAS and

oa(t) <5 (U/\(to)

if it is strongly GUAS.
Next, consider the case t; < T, < oo. Let v =
max{m, x} € Koo. We will prove that

va(t) < 26(v(b)),0)

Note that (15) is valid at ¢ = t; because we already know that
va(t1) < x(b) and x(b) < v(b) < B(v(b),0). For a contradic-
tion, suppose that there exists ¢* € (¢1, T,) such that vy (t*) >

26(v(0)),0). Letty = inf{t € [t1, T;) : va(t) > 26(v(b),0)}.

Since v, is right-continuous, vy (t2) > 26(v(b)),0) > x(b),

Vt € [to,tl), (13)

—to+nf ) VEE[o,t), (4)

vt € [t1, Ty)- (15)

and then ¢; < t5. Define i1 =
x(0)}. If va(ty)

sup{t € [t1,t2] : va(t) <
> x(b), then #; > t; [since vy (t1) < x(b)],
t; € v and wvy(f]7) < x(b). Then vy(;) < 7(b) due to
Assumption 1biii). The latter implies that vy (£;) < v(b). If
va(t1) < x(b), then #; < ty and, due to right-continuity
of vy, va(t1) = x(b) < v(b). In both cases we have that
va(t) > x(b) for all t € [t1,ts], va(t;) < v(b) and vy (t2) >
2[3( (b),0). By right-continuity, there is ty < t, < T}, such
that vy(t) > x(b) for all t € [t;,%3). Reasoning as in the
beginning of the proof, it follows that for all ¢ € [f1,1,),
ua(t) < B(v(b),t — fl) when the stability of (7) is weak and
oa(t) < B(v(b),t—t; —l—nz* ) when it is strong. In particular,
ua(te) < B(v(b),0) < 28(v ( ), 0). Since we have arrived to a
contradiction, then (15) holds. Define p(r) = 25(v(r),0) for
all 7 > 0, then p € K. From (13) and (15) it follows that

ua(t) < max{f (vA(to), t —to),p(b)} Vi € [to, T:),

in the weak case, and from From (14) and (15) we have that
v (t) < max {B (v,\(to),t —to + n?ﬁo’t]) ,ﬁ(b)}

for all ¢ € [tg, T, ) in the strong one.

Then, from Assumption la) and defining ((r,t) =
o7 (B(da(r),t)) and p = ¢y op, it follows that for all
t S [to, TT)

At 2(t)) < max { B (h*(to, x(t0)).t —to) ,p(B)}  (16)
in the weak case, and
it (1))
< max {3 (h°(to, o(to)), t — to + 03, ) o0} (17)

in the strong case. Since (16) and (17) hold for any positive
constant b such that ||ul[,, < b, we arrive to

Bt () < max { B (1 (to, 2(to)), t — to)  plllull,) }
< B (h°(to, o(t0)),t = to) + p(lull, ),
when the parametrized family (7) is weakly GUAS, and to
Wt ()
< max {3 (R°(to, o(t0)), ¢ — to + 03 ) s o(lullrn) }
< B (h(tox(to)),t = to + 03 4 ) + plllully):

when the parametrized family (7) is strongly GUAS. [ ]
Theorem 3.1 shows how assessing (h°, h)-ISS of a family
of impulsive systems can be performed by reducing the
problem to assessing the GUAS of the family of comparison
systems (7). The latter systems have the advantage of being
scalar and without inputs. In the next section, we employ
Theorem 3.1 in order to generalize several existing results.
Comparison-type results have been recently employed in [46]
for impulsive systems with no inputs and in [13] for impulsive
(switched) systems with inputs. In both papers, the comparison
systems are given by impulsive differential equations like
(10) instead of by differential/difference inclusions as (7).
Refs. [13] and [46] require that the functions playing the



role of our «)(¢,r) in Assumption 1 be nondecreasing in 7.
This requirement allows the use of the simpler comparison
systems (see Remark 3). Assuming that the functions «) (¢, r)
are nondecreasing in r seems a nonnatural and restrictive
assumption in a nonlinear context (see Theorems 4.4 and 5.2).

Remark 4: The type of decaying term in the ISS property
considered will correspond with the type of decaying term that
bounds the trajectories of the comparison systems (7). Ideas
analogous to those employed in the proof of Theorem 3.1
could also be employed to derive results when the decaying
term converges in finite-time [47] or is exponential [48].
Moreover, the two-measure framework can be employed when
stability is only practical [49]. )

Example 2: Let n € Ko satisfy n(r) < r for r > 1.
Consider the parametrized family of scalar impulsive systems

with inputs ¥5 = {3\ = (7, fx, 9x) baea, with A = (1,00),
A= {Té\}?:u 7—O)\ =0, Tli\ = Tli\—l + Ev
Iat, &) = =2|¢ sign(€) + p,
_¢ o sign(@pa(€].k) Y
ga(t, &) = S ewnyony fort =i
—£ otherwise,
. . e
o) — (). an(rk)y it < [R5
r otherwise,

s
o) = | = 2|

Note that for every A € (1,00) and k£ € N, q\(-,k)

(0[]

isfies lim,_,o+ gx(r,k) = 0. Consider V(&) =

ho(t, &) = h(t,§) =
fined via V) (¢,£) = V() for all A € A satisfies Assumption 1
with ¢, = ¢ = x = id, 7 = max{n,id}, pr(t,r) = r*,
ax(t,r) = r+gx(t,r,0). Moreover, ax(t, r) is nondecreasing

in r for every ﬁ)lced t > 0and A € A, but may be discontinuous

&} > When ¢ = 7. For each A € A, to > 0 and

— Rs is continuous, increasing and sat-

|€| and let
|€]. The family {V)}ea of functions de-

A—1

wo = w(ty) > 0, the scalar impulsive system (10) has a unique
forward-in-time solution. Let ¢ € N satisfy 7 ; < to < 77\,
then the solution is given by:

. Ift € [to, 77) and w(to) > 0, then
1
wt01>‘+ —1)(t—to)] 7,
. Ift e [T, Tip1)s k> € and w(ty) > 0, then
w(t) = [w( k)l A A=1)(t— T )} = ,
o Ift =1 >1), then w(t) = px(w(t™), k)e™x.
o Otherwise, w(t) = 0.
The solutions of (10) have the following property: whenever
the system has undergone flow for a whole interval [7), 77, ),
the jump occurring at ¢ = 77} ', reverts the value of the state
to that at the beginning of this flow interval or to a smaller
one, and applies an exponential decrease to the resulting value.
From these solution equations, it follows that if 0 < Tg\_l <
to< 1) <)< T,i‘H, then

atT:[

w(tpy1) = pa(w((Tiy1) "), k + L)e” XD

() X7 = w(r)e (b=

w(w(to))el

where we have used the fact that Te)‘ —to < TZ)‘ — 7'271 = i[
1. Since w(-) is nonincreasing over each interval [, 7", ,),
we finally obtain that, for every A € A,

w(t) < m(w(ty))e?e

This shows that the family (10) is GUAS. In view of Remark 3
and Theorem 3.1, it follows that >, is weakly ISS. Note that
Ta = {7x}xrea is not UIB and that we cannot conclude that
(10) is strongly GUAS.

We note that no existing ISS criteria can be applied to the
family of systems considered in Example 2 since, to the best
of our knowledge, all existing criteria require fixed flow and
jump maps.

(7-2 )67(7—’:*1772) < 67(7’;\17750),

IN

—(t=t0)  forall t > ty.  (18)

IV. SUFFICIENT CONDITIONS FOR ISS

In this section we derive criteria for the weak or strong
(h°, h)-ISS of parametrized families of impulsive systems
under different hypotheses on the functions ) and «) ap-
pearing in (7) and on the family of impulse-time sequences
Ta = {7\ : A € A}. We also show how each of the results
presented generalizes existing results for impulsive as well as
some for nonimpulsive systems.

We begin with a result for cases when the continuous part
of the system is stabilizing. Given a parametrized family of
differential equations w = —py(t,w), A € A, with ¢y : R>g X
R>¢ — R a Carathéodory function and such that ¢ (¢,0) =
0 for all t > 0, we say that this family is GUAS if there
exists 8 € KL such that for every A, each maximally defined
forward-in-time solution w of w(t) = —x (¢, w(t)) is defined
for all ¢ > to, where ¢ is its initial time, and satisfies w(t) <
,B(U)(to),t — to) for all ¢ > to.

Theorem 4.1: Let h°,h € H. Let X, = {Z, =
(Vs Fxs 9x) brea satisfy Assumption 1 with «(t,7) = r for
all t,7 > 0 and A € A. Suppose that the family of differential
equations w = —y(t,w) is GUAS. Then X, is weakly
(hO, h)-ISS. If, in addition, Ty = {vy\ : A € A} is UIB,
then Y, is strongly (h°, h)-ISS.

Proof: From Remark 3 it follows that for checking
that (7) is weakly GUAS, it is sufficient to consider only
the solutions of the family of impulsive systems (10) with
ax(t,r) = r. Since the solutions of the latter family of
impulsive systems coincide with those of the GUAS family
of differential equations w = —,(t,w), the weak GUAS of
(7) follows, and therefore X, is weakly (h°,h)-ISS due to
Theorem 3.1.

That ¥, is strongly (h°, h)-ISS when I'y is UIB follows
from Proposition 2.3. u
Theorem 4.1) contains as a particular case the well-known
sufficient conditions for the ISS of nonimpulsive time-invariant
systems given in terms of ISS Lyapunov functions (Lemma
2.14 in [37]). In fact, if V is an ISS Lyapunov function (as
per Definition 2.2 in [37]) for the system & = f(x,u), then
the single system ¥ = (v, f,g) (we drop the parameter \
here) with v any impulse-time sequence and g = 0, satisfies



the hypotheses of Theorem 4.1 with ¢(¢,&) = @(€), where ¢
is a continuous positive definite function. Since W = —@(w)
is GUAS, then ¥ = (v, f,g) is weakly ISS and therefore
= f(x,u) is ISS.

Theorem 4.1 also contains as a particular case Theorem 2
of [39], which in turn generalizes Theorem 1 of [38]. These
results give sufficient conditions for ISS of the nonimpulsive
systems @ = f(¢,x,u) based on a Lyapunov function with an
indefinite derivative. Specifically, if we consider the family of
systems which consists of a single system whose impulsive
part is g(t,&,u) = 0 and take hO(t,&) = h(t,&) = [£],
the function V' appearing in [39, Theorem 2] satisfies As-
sumption 1 with ¢(t,r) = —g(t)r, alt,r) = r, x = p
and T = agoaj'op, where the latter g, p, oy, and ay
are the functions appearing in [39, Theorem 2]. The ISS of
% = f(t,z,u) follows from Theorem 4.1 since the conditions
imposed on g in items 3)-4) of [39, Theorem 2] imply that
the system w = g(t)w = —p(t, w) is GUAS.

The following criterion involves an average dwell-time
condition on the impulse-time sequences when the continuous-
time dynamics is (h",h)-ISS and a reverse average dwell-
time one when the discrete-time dynamics is stabilizing. Given
Ny € Nand 7p > 0, Tspr[No, 7p] (resp. Trapr[No, Tp]) is the
set of impulse-time sequences «y such that n?& 4 < No + tT_DS
(resp. n?&t] > t;—DS — Np) for all 0 < s < t. Note that
Tapr[No,7p] is UIB. From this point on, we employ the
following conventions: 01n(0) = 0 and rIn(0) = —oo if
r > 0.

Theorem 4.2: Let Sy = {Zx = (va, fr,92)aea and
h°,h € H satisfy Assumption 1 with px(£,7) = ¢r(t)r, P
Lebesgue measurable and locally integrable, and a(¢,7) =
d - r with d > 0. Suppose that there exist x > 0 and ¢ € R
such that for all A € A the solutions of the linear equation
w = —¢y(t)w satisfy

lw(t)] < ket w(ty)| YVt >ty > 0.

19)

Then, ¥, is

a) weakly (h°, h)-ISS if there exist 7, > 0 such that the
following condition holds for every v € I':

nly g (d) = (c=n)(t—to) < p. Ve 21020 Q0)

b) strongly (h°, h)-ISS if there exist 7, > 0 such that the
following condition holds for every v € I':

nly gln(d) +n] = (c—n)(t —to) <p, Vt=to=0.
2n

Proof: Since «(t,r) is nondecreasing in r for every A,
from Remark 3 we have that for establishing the weak or
strong GUAS of the comparison systems (7) it is sufficient to
establish that of the systems (10) with @y (t,7) = —ox(t)r
and ay(t,r) = d-r. Let A € A, tg > 0, z9p > 0 and let
z : I, = Rxq, I, = [to,T3), be a solution of (10) with
2(to) = 2. By solving (10) it easily follows that

S é(s) ds+nl)

(to,] In(d)

z(t) = z0e Vit € I, N [to, 00).

t
Since w(t) = zge 0 )% is the solution of the initial

value problem w = —¢y(t)w, w(tg) = 2o and taking into
account (19), we then have that

Y
tfto)Jrn(t)(‘)‘t] In(d)

z(t) < /szoe*c( Vit e I, N[tg,00). (22)

a) Employing (20), from (22) it follows that
2(t) < kel zge M)Vt e T, N [tg, 00).

This shows that (10) is weakly GUAS and consequently the
same holds for (7). By Theorem 3.1, then X, is weakly
(h°, h)-ISS.

b) Employing (21), from (22) it follows that

—nt—totn(l )

z(t) < ket zge Vi € I, N [tg, 00).

This shows that (10) is strongly GUAS and therefore (7) is
so. By Theorem 3.1, then ¥ is strongly (h°, h)-ISS. ]
We note that Theorem 1 of [10] follows from a) of Theo-
rem 4.2, by setting h°(¢,&) = h(t,£) = |€| and ¢(t) = ¢, with
ceR

From the proof of Theorem 4.2 it easily follows that if
instead of (19) and (20) we assume that there exist 1, u > 0
such that for every A € A the following condition holds:

t
’ t
' (23)

then X, is weakly (h°, h)-ISS. Theorem 1 in [28] follows
from this observation, since the conditions therein imply the
satisfaction of (23).

Corollary 4.3: Under the assumptions of Theorem 4.2, the
family X, is strongly (h°,h)-ISS if one of the following
conditions holds:

a) ¢ > 0and 'y C T'spr[No, 7p] for some Ny € N and some*
7p > max{ln(d)/c, 0}.

b) ¢ <0,d <1 and 'y C Trapr[No,7p] for some Ny € N
and some* 0 < 7p < |In(d)/c|.

Proof: Consider item a). Let 0 < 1 :=In(d)/7p < c and
= Noln(d)ifd > 1,and 0 < n < cand p > 0 but otherwise
both arbitrary if 0 < d < 1. Then n(vto’t] < Ny + =t and
therefore,

—to
TD

—C(t - tO) + n?to’t] ln(d) < w—= U(f - tO)

in either case. This shows that (20) is satisfied and by
Theorem 4.2, then ¥, is weakly (h°,h)-ISS. Since I'y C
Tupr[No, 7p] is UIB, then X4 is also strongly (h°, h)-ISS by
Proposition 2.3.

Next, consider item b). In this case, n(wtm 4 > t;;“ — Ny for

all 0 < tg < t or, equivalently, t —to < 7p Ny —&—TDn(Wtoj]. Set
d = |In(d)| - |c|rp > 0, 7p = max{ry, 1}, n = d/(27p) > 0
and p = |e|Tp Ny + d/(2Np) > 0. Therefore,

—c(t —tg) +n,

(to.t] (24)

In(d) < —dAn?tmﬂ + |elmp No.

3if d = 0, then any 7p > 0 is valid.
4if cd = 0, then any 7p > 0 is valid.



We also have

d d
Y Y
gn(to,t] 2 27p Mt 1) and
d dt—to dt—t
Sy > 2 —No| > = — N,
2n(t0’ﬂ Z 35 [ - o} =5 [ 7,_D 0} )
and then

n (t —ty + n?to’t]) < dnztoﬁt] + N (25)
Adding up (24) and (25), it follows that (21) is satisfied. By
Theorem 4.2, the result follows. [ |

Corollary 4.3 generalizes Corollary 1 of [10] and contains as
particular case Theorem 1 in [40]. In addition, we show that
the same dwell-time conditions as in [10] and [40] actually
ensure not only weak (h°, h)-ISS but also strong (h°,h)-
ISS. This is perhaps not surprising for the average dwell-time
condition given that I",p [ Ng, 7p] is UIB; however, also strong
(h°, h)-ISS is established for the reverse average dwell-time
condition.

For a given constant 6 > 0, let I'y and I'? denote the classes
of impulse-time sequences having a minimum and maximum
dwell time given by 6, respectively. More precisely, I'g and
I'? are the classes of impulse-time sequences v = {73 }I_,
which verify 74,41 — 7, > 6 for all 0 < k < N, and
N = oo and 7541 — 7, < 6 for all k£ > 0, respectively. The
following criterion involves a genuinely nonlinear condition
on the Lyapunov-like function from Assumption 1.

Theorem 4.4: Let ¥y = {X\ = (%\,fx,g,\)}xe/\ and
h°,h € H satisfy Assumption 1 with px(t,7) = ¢(t)p(r)
for all A € A, ¢ : R>9 — R>( locally integrable and ¢
continuous, and «(t,7) = @&(r) for all A € A, @ continuous
and positive definite. Then X, is strongly (h°, h)-ISS if one
of the following two conditions holds:

a) @ is positive definite and there exists a constant # > 0 such
that v, € I'y for all A € A and

a(a) ds t+6
su — < inf s)ds =: M (26)
o [ G <o
with M > 0.

b) —¢ is positive definite and there exists a constant § > 0
such that for all A € A, v5 € I'? and

/‘XJ ds o,
1 —@( )
inf > su /
a>0 /a(a.) f>lg ¢

The proof of Theorem 4.4 is given in Section VI-C. Theo-
rem 4.4 generalizes Theorems 1 and 3 in [15] and also gives
far stronger conclusions. In fact, the ISS property ensured by
Theorem 4.4 is stronger than that considered in [15] and, in
addition, it is uniform with respect to both, initial time and
the family of systems, while none of these uniformities is
guaranteed in [15], as explained in Remark 2 on p. 1970
therein. Very recently, results in [24] ensure a nonuniform
version of weak ISS under condition a) of Theorem 4.4 with
¢(s) = 1 and under average dwell time between impulses.

and 27

(28)

The latter average dwell-time condition is more general than
the dwell-time condition of our results. However, the type of
weak ISS considered therein is uniform neither in the initial
time nor over the class of sequences.

Example 3: Consider the family of scalar impulsive sys-
tems with a single input {3, = (v, f, g)}yer-, where I'* is a
class of impulse-time sequences,

F@,& 1) = (€N (1 +€),

2,6 : R>9 — Rxq, £ is continuous, satisfies {(r) = r/2 if
0<r<1,1/2<{(r)<r/2forr>1, and

sy . JrPA= /2412 o< <1,
"= ifr> 1

The function 6 is thus strictly decreasing and §(0) = 1/2.
We would like to determine conditions on I'* and on the
function £ so that the family of impulsive systems is strongly
ISS. Therefore, we consider h%(t,&) = h(t,&) = |¢|. Define
V(&) := [¢] and V,,(t,€) = V(€). Then (6) is satisfied with
¢1 = ¢o = id. We have, for all £, € R,

DYV (t,& m) < (€N ul + €D,
V(€ +g(t, &) < 8(IENnl + [€])-
Define x € Ko via x(r) = 72 +r. If |¢] > x(|u|), then
DV (t,& n) < 20(€))E,
V(§+9g(t.& p) < 20(1€])IE] < 26(0)[¢] = [¢].
If €] < x(|p]), then

V(€ +g(t.€ 1)) < 60)(|ul® + x(Iul)) =: 7(|ul),

with 7 € K. Define @¢(r) := —24(r)r and a(r) := 26(r)r <
r. Then, Assumption 1 is satisfied with ¢ (¢,7) = @(r) and
a(t,r) = a(r). Note that during flows, the magnitude of the
state can always grow, so that stabilization depends on the
frequency of jump occurrence. From the assumptions on /,
then 2¢(r)r = 72 for r < 1, and hence for 0 < a < 1, we
have

/a ds _/a ds 1 1 _1-2) 1
a@) —P(8)  Jaw s ala) a  25(a)a T 2

For a > 1, we have &(a) = 1/2, and hence

@ ds e ds Lods
— > Y > 5 = 1.
a(a) —p(s) 1/2 S 1/2 8

Therefore, if £ is such that, in addition, (27) is satisfied, then
for all positive § < 1/2 it follows from Theorem 4.4b) that
the family of impulsive systems is strongly ISS if I'* C I'?.
To see that (27) is unavoidable, suppose that —@(s) = s2,
so that everything remains as before excepting that (27) is not
satisfied. Under zero input, to = 0, z(0) = 8, the flow equation
becomes # = x2/2 and its solution x(t) = 2z(0)/[2 — z(0)t],
with maximal (forward) interval of existence [0,1/4). If 1/4 <
6 < 1/2, the solution may cease to exist before a jump occurs,
and hence stability cannot be ensured, even if all the other
assumptions of Theorem 4.4b) are satisfied. o

and




V. SUFFICIENT CONDITIONS FOR ISS OF SWITCHED
IMPULSIVE SYSTEMS

In this section, we derive sufficient conditions for the
(h°, h)-ISS of switched impulsive systems with inputs. Let
{f;}ic1, and {g;};cr, be families of flow and jump maps,
respectively, where I. and I; are index sets (i.e. arbitrary and
nonempty). We assume that each flow map f; satisfies the blan-
ket assumption we make on the flow map f in (1), in order to
ensure (local, possibly nonunique) existence of solutions of the
differential equation @(t) = £;(¢, 2(t), u(t)) for each input u €
U. Bach triple o = ({77}, i }2lo, {Jk }o o} —which we
call impulsive and switching sequence—, with {77}, =:
Yo € T, {ix}, C I. and {jx}_, C I, gives rise to
the impulsive system with inputs X, = (v,, f5,9o), With
flT (ta €7 .u“) =15y (2) (tv €7 :u) and 9o (tv 55 ,LL) = Boa(t) (tv §7 H)?
where o1 : [0,00) — I, and o2 : [0,00) — I are the
switching signals 3 defined by, respectively, o (t) = i) and
o2(t) = ji for all t € [r77,77,,), 0 < k < N + 1°. Note
that at each impulsive-switching time 7] the flow identified
by the “flow mode” o1 (7{ ) = i1 ends, the system jumps
according to the jump map identified by the “jump mode”
o2(77) = jk, and then flow continues according to flow mode
(o} (Tg) = ik.

We will address the weak or strong (h°,h)-ISS of the
systems X, when o lives in some class of impulsive and
switching sequences SW. In order to apply the theory de-
veloped for parametrized families of impulsive systems to the
study of the (h°, h)-ISS of the systems X, the impulsive and
switching sequence o and the set SW will be regarded as,
respectively, a parameter and a parameter set. In other words,
o and SW will play the role of A and A in the preceding
sections.

Given the index sets I, I, and a impulsive and switching
sequence o, it may be the case that not every combination of
flow and jump modes is possible. Hence, one may want to
describe classes of switching signals that incorporate this type
of constraints. Therefore, let J C I. x I. x I; be nonempty.
We write 0 € SW(J), if (o1(t7),01(t),02(t)) € J for every
t € v,. Without loss of generality, we consider that ., I; and
J satisfy I. = {i : (i,i,5) € J or (i,i,5) € J for some i €
I.,j € I} and Iy = {j : (i,i,5) € J for some i,i € I.}.
This just means that I, and I; do not contain modes that can
never be used. We will require the following assumption.

Assumption 2: There exists a family of functions {v;};er.,
with v; : R>9 x R® — R locally Lipschitz for all ¢ € I, such
that

a) there exist ¢1, ¢o € K so that for all i € I, ¢ > 0 and
E c Rn’

P1(h(t,€)) < vi(t,§) < d2(h°(t, §));

b) there exist x, ™ € K, Carathéodory functions ¢; : R>g X
R>9 —+ R, i € I, functions o;; ; : Ry X Ry — R,
(i,1,7) € J, such that the following hold for all (¢,1,7) €
J,t>0,£€R” and p € R™:

(29)

Si.e. piecewise constant and right-continuous functions with a finite number
of discontinuities in each compact interval.
6Recall that 75 = 0 and that 75, ; = oo if N is finite

1) D;’;Vi(t, 57 M) < _Qoi(ta Vi(t? f)) if Vz(t )
i) vi(t,§+g;(t, & p) < agij(t, vilt,§)) if vi(t,
x(Jul):

In what follows, for each impulsive and switching sequence
o, we define the functions V5 (t,&) = vo, 1)(t, &), wo(t,7) =
Qoal(t) (tv T‘) and aU(t7 T) = Oy ig, gk (Tlg’ T) ift € [Tlg7 Tlg—&-l)
and £ > 1, where iy = o1(77 "), ix = o1(77) and
jk = oa(77). Since the value of a,(t,r) for t € [0,7F)
is irrelevant, it could be arbitrarily defined; we define it as
(%] (ta T) = Oy 4,5, (Tfa 7").

Remark 5: Given a family of functions {v; };cz. in the con-
ditions of Assumption 2 and an impulsive and switching signal
o, the family of impulsive systems {3, },csw, with SW any
family of impulsive and switching sequences, together with the
family of functions {V; },esw satisfy Assumption 1 with the
same functions ¢1, ¢, x and 7 appearing in Assumption 2,
and with ¢, and a, as defined above. o

Assumption 3: There exist a partition’ I, = IS U I U I,
a partition J = J°* U J" U J*, and constants cg, c,, > 0, 0 <
dS < 1 < d, such that Assumption 2 holds with ¢, (t,r) =

srif i € IS, o (t,r) = 01if ¢ € I7, ;(t, 1) = —c, 1 if
i E IY, o, (t,r) =dgsrif (i,4,7) € J®, oy (t,r) =rif
(,4,7) € J" and o (t,7) = dy, 7 if (7,4,7) € J™

Under Assumption 3, the right-hand sides of the first
inequalities in items bi)-bii) of Assumption 2 become linear
in the Lyapunov-type functions, leading to exponential-type
bounds. The sets I7, I7 and I} contain, respectively, the
stabilizing, neutral and destabilizing flow modes. Analogously,
J?%, J" and J“ contain the jump-stabilizing, the jump-neutral
and the jump-destabilizing combinations of modes.

For partitions I, = I; UI?UIY and J = J°UJ" U J" as
in Assumption 3 and an impulsive and switching sequence o,
we define

> x([pl);
vi(t,€)

>

TGy = {r € (to, ] s ou(r) € I},

T‘;;}"ﬂ = ’{7‘ € (to,t] : o1(r) € If}|,

T(Z(:ft] ’{T € ( t]:o1(r)e I

Lito) = {(01(r7),01(r), 02(r)) : 7 € 75 N (to, 1]},

?tf g = Lo NI 0ty =3 Lo NI

= # [Z(to,t] N Ju} .

(to.t]
N;)tue that T(‘; St]+T(t0 ] +T5 = t—to and n; ]+n(t0 gt
n(to g = n(t0 f = (t L The quantities T(t e T(t’ 4 and
T( t’ 4] are, respectively, the total activation tlme of the modes

in I3, I and I* in the interval (o, ¢], while n(t 47 o t] and
n?; 4 are the number of switching times w in (to, t] for which,
respectively, o (w,7) = ds 7, ag(w,r) =7 and oy (w,r) =
dy T.

Theorem 5.1: Let {f;};,c;, and {g;}jer, be families of
flow and jump maps, respectively, let h°,h € H, let J C
I, x I.x I;, and consider a family of impulsive and switching
sequences SW C SW(J). Let Assumption 3 hold. Then

{EU}UESW is

ng

7We allow that some member of a partition can be the empty set.



a) weakly (h°, h)-ISS if there exist i, > 0 such that the
following condition holds for every o € SW:
(t 4 In(d, )-|—n((7t"t] n(d,) — (tout]
+ T (tu’t] <u—n(t—ty), Vt>to>0; (30)

b) strongly (h°, h)-ISS if there exist 1,z > 0 such that the
following condition holds for every o € SW:

n? csT7°

ni g n(ds) +ng "y In(dy) —

<u—nlt—to+ng,,), (3D

Proof: By virtue of Remarks 3 and 5, Theorem 3.1 and
the fact that the functions «,(t,r) take the values dsr, r or
d,r, and are hence nondecreasing in r, we only have to prove
that the family of comparison systems (10) is weakly GUAS
in case a), and strongly GUAS in case b). Let 0 € SW, t; > 0
and wo € R>(. Taking into account that ¢, (t,r) = ¢5(f) 7,
with ¢, (t) = ¢s if o1(t) € IZ, ¢d5(t) = 0 if o1(t) € I?
and ¢,(t) = —c, if o1(t) € I¥, and that for 7 € 7,,
o (T,1) =ds 7 if (01(77),01(7),02(7)) € J®, ap(1,7) =71
if (01(77),01(7),02(7)) € J" and a,(1,7) = d, r if
(o1(77),01(7),02(7)) € J*, we have that the solution w
of (10) such that w(tg) = wq satisfies for all ¢ > ¢,

- f! ¢U(s)ds+n<t t]ln(ds)+n?t’:1t] ln(du).

T T TG

Yt >ty > 0;

w(t) = woe

Since ft bo(8)ds = csT)°

(o) — T
obtain

(o]’ and using (30) we

w(t) < weet 1)y > ¢,

which shows that the family of comparison systems is weakly
GUAS. If (31) is valid, it follows that

w(t) < woe Mt ol vt > ¢,

which shows that the family of comparison systems is strongly
GUAS. ]

By considering zero jump maps, i.e. g; = 0 in Assump-
tion 3, Theorem 5.1 allows to recover or generalize well-
known multiple-Lyapunov-function results for nonimpulsive
switched systems. For instance, part (i) of Theorem 3.1 in
[41] can be straightforwardly derived from Theorem 5.1. By
contrast to other recent results for switched impulsive systems
(e.g. [12], [13], [19]), Theorem 5.1 deals with flow modes
and jump-combinations of modes that can be both stabilizing
and destabilizing. Moreover, Theorems 1 to 3 in [19] become
particular cases of Theorem 5.1 when restricted to the ISS
case (i.e. y = 0 in (1) of [19]) since the classes of impulsive
switching sequences considered therein satisfy (30).

Example 4: Consider a second-order switched impulsive
system with a single input having I. = I = {1,2,3}, i.e.
with 3 flow modes and 3 jump modes. Let the flow and jump
maps be defined as

fl (t, g, ,u) = _ffjiu] ; g1 (ta €7 ,LL) =0
fg(t,g,ﬂ) = _5153:22‘”"‘ ;U’:| ) g3(ta€7/’[') = l:g _]-]_:l 5

Let J = {(1,1,1), (1,2,1), (1,3,1), (1,1,3), (1,2,3),
(1,3,3), (2,1 2), (2,2,1), (2,2,2), (2,3,1), (3,1,2),
(3,2,1), (3, €] and h(t,§) = [&].

2). (3.3.1)}. h(8) =
We would hke to assess the (h°, h)-ISS of this system. We
thus take Vl(t,g) |§|2, Vg(t f) |€1|2 and v3 = v,
x(s) = 2s? and m = 2x. These functions v; satisfy (29)
with ¢1(s) = ¢2(S) = s2/2. By analyzing the flow and
jump equations in relation to the requirements of Assump-
tion 3, the sets I. and J may be partitioned as follows:
Is = {2}, 17 = {1}, I* = {3}, with ¢ = 1 and ¢, = 3,
J*={(2,2,2), (3,2,2)}, J* = {(1,1,3), (1,2,3), (1,3,3)},
and J" = J\ (J* U J%), with ds = 0 and d,, = 2. Note that,
e.g., the combination (3,1, 1) can never be included in the set
J if Assumption 3 is to be satisfied for the given functions v;.
This means that we cannot allow to change from flow mode
3 to flow mode 1 using jump mode 1. This happens because
v3(t, &) is insensitive to the quantity &5, the jump given by g
leaves £ unchanged, and v (¢, ) could be arbitrarily large even
if vs(t,&) is small. For illustration, we next derive sufficient
conditions on SW C SW(J) so that {3, },csy is weakly
or strongly (h°, h)-ISS.

a) SW is such that {7, : 0 € SW} is UIB and there
exists T > 0 such that nE’t 1047) > 1 for all t, > 0. For
0<ty<t<to+T, we have N4 In(ds) + n‘(’t’:,t] In(d,) —
c. T(ft] + CuT(i:ft < nlyy In(dy,) + c.T < ¢(T)In(2) +

¢, T =: K, where qL is the function given by the UIB property;
hence (30) is satisfied with e.g. p=2K and n = K/T. For
t > tog+ 1, we have n( o] > 1 and since d;, = 0, then (30)
also is satisfied. By Theorem 5.1, then weak (h°, h)-ISS is
ensured and by Proposmon 2.3, also strong (h°, h)-ISS.

b) SW is such that n?, g = = 0, i.e. stabilizing jumps do
not occur. Suppose that t%ere exist positive numbers 7p and
Ty, No € N and 0 < p, < 1 so that py > %and
that for every o € SV we have that for all ¢ > ¢ty > 0, the
number of destabilizing jumps and the total activation time of
the stabilizing flow satisfy, respectively, nz’;: g < Not %
and T(t to] = > ps(t — tg) — To. Then, for every o € SW, (30)

holds with pn = NgIn(d,,) +csTp and n = ps — ‘:E:f:iclsn)(i) >
0, and therefore the weak (h°, h)-ISS of {¥,}syy is ensured
by Theorem 5.1. If, in addition, {v, : ¢ € SW} is UIB, then
{Zs}sw is strongly (h°, h)-ISS of {X,}sw by Proposition
2.3. o

Given i € I. and 0 > 0, we define S.[0] and S, [0]
as the sets of impulsive and switching sequences where each
occurrence of flow mode ¢ has a dwell time of at least 6 or
at most 6, respectively; i.e. o € Si.[0] (resp. o € Si,.[0))
if oyl — TR 2> 0 (841 — 1 < 0) for all k fpr which
o1(r) = i. We also define Spr[0] = Nicr,S)p[0] and
Seorf] = Nier.Sip[0], the sets of impulsive and switch-
ing sequences with dwell time at least 6§ and at most 6,
respectively. Note that an impulsive and switching sequence o
satisfies o € Spr[f] (0 € Skpr[f]) if the sequence 7, satisfies
Yo €Ty (75 € T?), with T'y and T'? as defined in Section IV.

We also suppose the following.

Assumption 4: I. is finite and Assumption 2 holds with
w,;(t,r) = pi(t)@;(r), p; locally integrable and nonnegative
and @; continuous for all i € I, and with o, ;(t,7) = &(r)



for all i,i € I. and j € 14, & continuous and positive definite.

Theorem 5.2: Let {f;};,c;, and {g;}jcr, be families of
flow and jump maps, respectively, let h°,h € H, and let
SW be a family of impulsive and switching sequences. Let
Assumption 4 hold. Then {3, },csy is strongly (h°, h)-ISS
if one of the following two conditions holds:

a) for each ¢ € I., @, is positive definite and there exists a

constant ¢; > 0 such that SW C (;c; Si[0:i] and
a(a) ds t+0;
(Sll;%/a 2.0) < %gg ) pi(s)ds=:M; (32)
with M; > 0;

b) for each 7 € I, ¢, is negative definite and there exists a
constant 6; > 0 such that SW C (,.; Si,.[0:] and

/°° ds
— = 00,
1 —pils)

a dS t+6
— > sup/ pi(s)ds =: M.
&(a) —@;(s) = >0
(34)

i€l

(33)

N} = inf

a>0

The proof of Theorem 5.2 is given in Section VI-B. Theo-
rem 5.2 improves Theorems 4.1 and 4.2 of [13] by strength-
ening the conclusions on the one hand and by relaxing the
assumptions on the other. In fact, in [13, Theorems 4.1 and 4.2]
only weak ISS results are given and the functions ¢; and g,
which play the roles of our ¢; and & in part a) and of —¢,
and & in part b) are assumed of class K, instead of merely
positive definite. Relaxing the requirements on the functions
involved leads to less conservative results.

VI. REMAINING PROOFS
A. Proof of Proposition 2.3

The proof requires the following result on KL functions.
Lemma 6.1: Let B € KL and ¢ : R>op — AREO be

continuous and nondecreasing. Then, there exists § € KL
such that

Blr,s) < B(r,s + ¢(s)),

Proof: Since ¢ R>9 — Rxg is continuous and
nondecreasing, there exists ¢ € Ky such that ¢(s) <
ng + ¥(s) for all s > 0, where ng = ¢(0). Then for
all s > 0, we have s > ¢_1(maX{¢(s) —np,0}). Let
o(s) := ¢~ (max{s — ng,0}) for all s > 0. If ng # 0, pick
any positive number a and define & € Koo via 6(s) = ;-5 if
0 < s < ngand 6(s) = a+p(s) otherwise. If ng = 0, consider
a = 0 and take & = p € K. Then it is easy to check that
o(s) > &(s) — a for all s > 0. Pick any function o € K
such that o(s) < &(s) for all s > 0, o is differentiable on
(0, 00) with derivative ¢’(s) < 1 for all s > 0. For all s > 0,
we have

V(r,s) € RZ,. (35)

(36)
(37

s> 0(4(s) 2 a(4(s)) —a,
s>0(s+¢(s)) —o(d(s)),

where (37) follows from the fact that o

"(s) <1 forall s>0
implies that o(b) —o(c) <b—cforall b > ¢

> 0.

Next, consider the given S € KL. Due to Sontag’s Lemma
on class-K L functions (see, e.g. [50]), there exist a1, as € K
such that 3(r,s) < aj(aq(r)e™*). Taking into account (36)
and (37) it follows that

Br.s) < B (r,;+ a(cﬂz))—a)

<a (ag(r)ea/2 exp {—WD

<o (042(T)6a/267w> '
Defining B(r,s) = aq (ag(r)e%e 0(2>) then 3 € KL and
(35) follows. |
Proof of Proposition 2.3:
(=) That strong (h°, h)-ISS implies weak ISS is straightfor-
ward, as explained at the beginning of Section II-D, so we
need only prove the converse implication.
(<) Let 8 € KL characterize weak (h°,h)-ISS, so that (4)
is satisfied, and let ¢ : R>o — R3¢ be the continuous and
nondecreasing function as per the UIB property. Let BekcL
be given by Lemma 6.1. Then,

Blr,s) < Blr.s + 6(s)) < Blrys + 1y o),

for all r,;s,tg > 0 and all v € S, where the last inequality
above follows from n?to., tots] < ¢(s) and 3 € KL. Replacing
r = h°(to, z(to)), s = t—to, and recalling (4), then (5) follows
and strong (h°, h)-ISS is established. [ |

(38)

B. Proof of Theorem 5.2

The proof of the theorem requires the following result.

Lemma 6.2: Let ¢ : R>g — R>g and o : R>g — R3¢ be
continuous and positive definite, let ¢ : R>¢ — R>( be locally
integrable and let § > 0. Consider the following conditions:

a)
a(a) ds t+6
su —— < inf s)ds =: M, 39
a>IO)/a p(s) 120 ) 59
with M > 0;
b)
[ @
1 ‘P(S)
mf/ / o(s 41)
a>0 a(a) QD t>0

Then, there exists & € ICOO with o < @, such that (39) or (41)
hold, with & in place of «, if, respectively, a) or b) hold

Proof: Suppose a) holds. Let N = sup, f @(S)
Since N < M and M > 0, we can pick a number M* > 0
such that N < M* < M. For a > 0 define

a(a)zsup{rza: /ar;éz) gM*}.

Note that &(a) = oo if foo ds < M* and that &(a) is finite,
6.(a) s * s *

&(a) > a and [ (pd(s) M when [ @(fs > M*. Also

note that a(a) < &(a) for all a > 0, since fa q)(é) <N<

M* = faa(a) st) when &(a) is finite. Two cases are possible.




Case 1: &(a) = oo for all a > 0. In this case we take any
@ € Ko such that &« < & and a(a) > a for all a > 0. Since

a(a) ds X ds * . _
fa O N oy < M* for all @ > 0, (39) holds with &
in place of a.

Case 2: &(a) is finite for some a > 0. Let b = sup{a

0: é(a) < oo}. If b = oo, then it follows that [~ @‘fi
oo ds‘

M* for all a > 0, which in turn implies that [ =
oo for all @ > 0. Define F(r) = f;ﬁ;) for r > 0 Fis
strictly increasing, continuous and lim, ., F'(r) = co. Let
¢ = lim,_,o+ F(r). Then there exists F~! : (¢, 00) — (0, 0)
and it is continuous and strictly increasing. Slnce F(&(a)) —

F(a) = [/ 45 = M, itfollows that 4(a) = F~'(F(a)+
M™). Hence & is strictly increasing, continuous, &(a) > a for
all @ > 0 and lim,_, &(a) = oo. In addition, taking into
account that a(a) < &(a) for all @ > 0, then there exists
a € Ko such that max{a(a),a} < a(a) < @&(a) for all
a > 0. That (39) holds with & in place of « follows from the

following inequalities
a(a) a(a)
/ ds < / ds < M.
o ) T Ja o e(s)
ds

If b is finite, then [, o o

oo for all a > b and &(a) is ﬁnlte and fa(a) ﬁss) =
all 0 < a < b. Defining F': (0,00) — R and ¢ as above, and
considering d = lim, o, F(r) = F(b) + M*, we have that
there exists F~! : (¢,d) — (0,00) and that it is continuous
and strictly increasing. In addition &(a) = F~(F(a) + M*)
for all 0 < a < b. So, & is continuous, strictly increasing,
lim,_,,- &(a) = oo and id < & on (0,b), where id is
the identity function. Taking also into account that a < &
n (0,00) it follows the existence of @ € K such that
max{a(a),a} < @(a) < @&(a) for all @ > 0. That (39) holds
with & in lieu of « can be proved as in the case b =
Suppose now that b) holds. Let N* = 1nfa>0f (@) sc(s)
Note that N* > 0. Consider the continuous and strictly
increasing function F' : (0,00) — R defined as above.
Then (40) implies that lim,_, ., F(r) = co. Suppose for a
contradiction that lim,_,o+ F'(r) = ¢ with ¢ € R. Then,

a

>
>

= M*. In consequence &(a) =

N* <

lim —— = lim F(a) — F(a(a)) =0, (42)

a—0t ala) (p(S) a—0t

which is absurd. Therefore lim,_,q+ F'(r) = —oo and there ex-
ists F~1: (—00,00) — (0,00). Define a(a) = F~1(F(a) —
N*) for a > 0 and &(0) = 0. It follows that & € K, and

a a
[ [
a(a) ®(s) a(a) v(s)

The latter implies that (41) holds with @ in place of o and
that o < a. |

Proof of Theorem 5.2: Suppose that ¢,, p; and & and
SW satisfy a) of Theorem 5.2. Due to Lemma 6.2, without
loss of generality we can suppose that the function & belongs
to Kso. In fact, in case & is only positive definite, for each
1 € I., by applying Lemma 6.2 with ¢ = ¢;, ¢ = p; and
0 = 0;, there must exist @; € K, such that @ < @&; and
(32) hold with &; instead of &. Then, & = min;er, &; € Ko,
a < @ and (32) holds with @ in place of & for all ¢ € I.. In

Va > 0.

consequence, the hypotheses of Theorem 5.2 remain valid if
we replace a by a.

By virtue of Remark 5 and Theorem 3.1, the weak (h, h)-
ISS of {¥,},s1y is established provided the family of
comparison systems (7), with 5 (t,7) = Po, (1) (t)Psr, (1) ()
ax(t,r) = a(r), o € SW, is weakly GUAS. Since a,(t,r)
is increasing in r for all 0 € SW, due to Remark 3 the weak
GUAS of the comparison systems (7) follows from that of
the systems (10), which, in turn, can be obtained following
the same steps of the proof of Lemma 3.2 in [13]. We note
that the proof of that lemma remains valid if the functions «;
considered there are assumed continuous and positive definite
instead of locally Lipschitz and of class K

Once we have proven that {X,},csyy is weakly (h°, h)-
ISS, then strong (h°, h)-ISS follows from Proposition 2.3 and
the fact that the set of impulse times is UIB, since SW C
ﬂielc SéT[Hi} C SDT[Q], where 0 := minie]c 0; > 0.

Suppose now that {,, p;, @ and SW satisfy b) of The-
orem 5.2. As in the previous case, by applying Lemma 6.2
we can assume without loss of generality that @ € K
By virtue of Remarks 5 and 3 and Theorem 3.1, the strong
(h°, h)-ISS of {3, }+s)y is established provided the family of
comparison systems (10), with ¢, (t,7) = Py, (1) (1) o, (1) (T),
ay(t,r) = a(r) and o € SW is strongly GUAS. We require
the following claims.

Claim 1: Let i € I.. For each tg > 0 and ¢ > 0O there exists
a unique forward-in-time solution w; (-, to, ¢) : [to, 00) = R>
of the initial value problem w(t) = —p;(t)@;(w(t)), w(ty) =
(. In addition, there exists v; € Ko, so that w; (¢, o, () < v;(()
for all ¢ € [to, to + 6;]-

Proof: Define F; : (0,00) — R by

R0 = [ ol

From the last part of the proof of Lemma 6.2, with —¢,
instead of ¢, we have that the function F; has an inverse
F7 ' i (—00,00) — (0,00) which is continuous and strictly
increasing. From the existence of F[l it is a simple exercise
to show that the initial value problem w(t) = —p;(t)@,(w(t)),
w(tp) = ¢, with ¢ > 0 has a unique forward-in-time solution
w;(+,to,¢) defined for all ¢ > ty, which is given by the
formula w;(t,t,¢) = F; ! (FI(C) + ftto pi(s) ds) if¢>0
and wi(t,ﬁo,C) = 0 if C = 0. Define v; : RZO — Rzo
via v;(r) = F7NFy(r) + My) if » > 0 and v;(0) = 0.
The function v; is continuous, increasing, lim,_, o, v;(r) = 0o
and lim, o+ v;(r) = 0 = 14(0). Then, v; € Ks. We also
have that w;(t, tg, ) < v(¢) for all ¢t € [to, to + 6;], because
ttOO+9,; pi(s) ds < M. °
Claim 2: Let i € I. and let F; be as defined in (43). Define
Gi(¢) = F7Y(Fi(a(¢)) + M) for ¢ > 0 and G;(0) = 0.
Then G; is continuous and ¢ — G;({) is positive definite. In
addition w; (t, to, &(¢)) < G;(¢) for all t € [to, to + 6;].
Proof: The continuity of G; at { > 0 follows from the
continuity of the functions involved in its definition. The facts
that F;(&(¢)) — —oc as ¢ — 01 and that F; '(s) — 0 as
s — —oo imply that G is also continuous at 0. Let ¢ > 0.

(43)



From the definitions of G; and F; we have that

/Gi(C) _ds _ /04(4) _ds o
1 —@;(s) 1 —p;(s)

Therefore,

Gi(¢) ¢
Ml.*:/ ?7S<Ni*§/ fis .
a(¢) —@;(s) a(¢) —@;(s)

In consequence,

¢ S
RO-RG@= [ 2

Thus ¢ — G;(¢) > 0. Finally,

> N — M >0.

— ?

wmmwmzwﬂmam+/mgﬂsa@

to
since [, pi(s) ds < M; for all t € [to, to + 04]. o
Let G = max;er, G; and v = max;er, v;. Then G is

continuous, (—G(() is positive definite and v € K. Consider
the difference inclusion

Cre+1 € H(C) = [0, G(|Ck)]-

Since W(¢) = |¢| is a Lyapunov function for (44), because
W(E) = W(¢) < —[I¢] = G([¢])] for all & € H(C) and |¢| —
G(|¢]) is a positive definite function, the difference inclusion
(44) i1s GUAS (see [51]). In consequence, there exists B eKL
so that for every solution {(x}72, of (44), then

1G] < B(ICol, k) Yk € No.

Let 0 € SW and let w : [tg,Tw) — R>o be a solution of
(10), with A = o, v\ = 7, = {7 }_,, initial time ¢ > 0 and
initial condition (y > 0. Let ¢t € [tg,T,,) and let £ = n‘(tm - If
¢ =0, then t — to < 0;,, where ig = 01(to). By using Claim
1, it follows that

w(t) = wio(tvtov CO) < Vig (CO) < V(CO)'

If £ = 1, then there is just one impulse time 7%, in (to,].
Define (1 = w(7y,), i0 = o1(to) and iy = o1(7k,). Then,
since t — 7, < 0;, and 7, — tp < 0;, and using Claims 1
and 2, we have

(44)

(45)

(46)

w(t) = Wi, (ta Tkis

(1))

) <G (G) =G
= Wiy (Tky » o, Co) < v,

i (C0) < v(Co)-
If £ > 1 then there are exactly ¢ impulse times £y < 7, <
oo < T, <L, where Ty, = Ty, 4 1. Let ig = 01 (to) and let
ij = 01(7k,;) and ¢ = w(7 ) for j=1,..., £ Then

C1 = Wiy (Tky, L0, C0) < V4o (C0)s

CQ = Wy (Tk277—k1aa(€1)) < Gil (Cl) < G(C1)>

C3 = Wiy (Tkskazad(CQ)) < Giz (CQ) < G(CQ)’
and, in general, (;41 < G((;) forj =1,...,¢—1. By defining
¢ =0forall j > ¢+ 1 it follows that {# = G172 is a
solution of (44). So ¢; < B({1,£ — 1) and then

w(t) = wi, (7> &(8) < Gir(&) < G
< B¢, 4 —1) < B(r(Cn),£—1).

(47)

(48)

Let 3 € KL be defined as follows

sy d @ DBE(),0) r>0,0<t<1,
ﬁ(’"’t)_{é(y(rm—n r>0,t>1, “9)

Then, from (46), (47), (48) and the definition of B, we have

w(t) < B (CO: nl(jtmt]) vVt e [to, Tw). (50)

Since SW C Nier, Siprls] then nf, > 5o —1> e —1,

with § = max;cs, 6; and §; = max{6,1}. In consequence,

_ n? t—ty+n?
SR (VI S Rl (YRS
0s 20 2 2 20, 2

Let a1, 0 € Ko be given by Sontag’s Lemma so that

B(r,s) < aj(as(r)e™®) for all 7, s > 0. Then,

~ N t_t0+n0 1
ﬁ(Co,n(toyt]) <8 (Co,max{%“ -5 })

— n?,
B max{ t to;rgl<to,t] 7%’0
<oy | az(Co)e

R )
<o (az(co)e” R ) (51)
Define 5 € KL via
B(r,s) =y (cg(r)el/zeﬁ) .
From (50) and (51), we finally obtain
w(t) < B (Co,t o+ ng’to,t]) Vi e fto, Tw),  (52)

which shows that (10), and hence (7), is strongly GUAS. The
result follows by application of Theorem 3.1. [ ]

C. Proof of Theorem 4.4

By assumption, ¢, and a, are independent of A, then (7)
consists in the family of comparison systems

£(t) € (=00, —o(t)@(2(1))];
z(t) € [0,a(z(t7))],

(53a)
(53b)

t & Ya,
L€,

with vy € T's.

Such a family of comparison systems can be seen as those
arising in Theorem 5.2 when its assumptions are satisfied with
@;(r) = @(r), pi(t) = ¢(t) and §; = 0 for all i € I,
and a&(r) = a(r), and the set of impulsive and switching
sequences SW is a subset of Spr[f] when a) of Theorem 4.4
holds and of Sgpr[f] when b) of such a theorem holds. So,
following the steps of the first part of the proof of Theorem
5.2 we have that (53) is weakly GUAS when a) of Theorem 4.4
holds, and therefore X5 is weakly (h°, h)-ISS due to Theorem
3.1. That it is strongly (h°, h)-ISS follows from Proposition
2.3 and the fact that I'y is UIB. In case b) of Theorem 4.4
holds, following the steps in the second part of the proof of
Theorem 5.2 we can conclude that (53) is strongly GUAS and
then that ¥ is strongly (h°, h)-ISS due to Theorem 3.1. W



VII. CONCLUSIONS

We have provided a Lyapunov-type method for establishing
uniform ISS of families of time-varying impulsive systems
and shown how the given results generalize existing results
for impulsive and nonimpulsive, switched and nonswitched
systems. We have addressed weak and strong ISS: the decaying
term in weak ISS is insensitive to the occurrence of jumps
whereas that of strong ISS causes additional decay whenever
a jump occurs. To allow greater generality, our results were
given in the (time-varying) two-measure framework. Future
work may be aimed at providing converse Lyapunov theorems
and hence assessing the degree to which the given conditions
are only sufficient for ISS or whether they may become also
necessary.
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