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In this Letter, we present, for the first time, to the best of our 
knowledge, the modulation instability (MI) gain spectrum 
of waveguides with an arbitrary frequency-dependent non-
linear coefficient ensuring strict energy and photon-number 
conservation of the parametric process. This is achieved 
by starting from a linear stability analysis of the recently 
introduced photon-conserving nonlinear Schrödinger 
equation. The derived MI gain is shown to predict some 
unique features, such as a nonzero gain extending beyond 
a zero-nonlinearity wavelength and a complex structure of 
the MI gain spectrum. Analytical results are shown to be in 
excellent agreement with numerical simulations. 
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In the realm of nonlinear optics, modulation instability (MI)
is an important process wherefore an intense continuous-wave
(CW) optical field propagating in a nonlinear medium breaks
up in a train of pulses. In its simplest form, the effect of MI
arises as a result of a pump at frequency ωP generating gain
sidebands at the frequencies ωP ±�, where � is a detuning
from ωP. This configures a particular case of a degenerate
four-wave-mixing (FWM) process, where two photons at
frequency ωP are annihilated and two photons at frequencies
ωS =ωP −� and ωAS =ωP +� (Stokes and anti-Stokes
sidebands, respectively) are created [1,2], conserving both the

dependence of the nonlinear coefficient of the medium, γ (ω),
and is often associated with the breakup of ultrashort pulses
upon propagation. It also has profound consequences in the case
of the CW pumping of a waveguide, as its inclusion leads to a
pump power that maximizes the MI gain [9], and a cutoff power
[10,11] above which the MI gain vanishes altogether.

The modeling of MI has been thoroughly analyzed within the
framework of the well-known nonlinear Schrödinger equation
(NLSE), and its extension including the effects of higher-order
dispersion and self-steepening. However, it must be noted that
neither the conservation of energy nor the number of photons
is guaranteed by the NLSE, even when dealing with lossless
waveguides, but for a few cases [12]. In particular, Blow and
Wood [13] showed that the energy and the number of pho-
tons are simultaneously preserved only in the case where the
nonlinear coefficient is given by γ (�)= γP + γ

NLSE
1 �, with

γNLSE
1 = γP/ωP.
Recently, we introduced a modified NLSE that conserves

both the energy and the number of photons [photon-conserving
NLSE (pcNLSE)] for waveguides exhibiting any frequency-
dependent nonlinear coefficient, γ (�) [14]. This situation can
be encountered, for instance, in fibers based on metamaterials
such as fibers doped with metal nanoparticles (MNPs). Sipe and
Boyd [15] showed theoretically that the inclusion of dopants,
such as MNPs, enhances the nonlinearity of the host medium.
In Refs. [16–21], Z-scan measurements were performed to
obtain the nonlinear refractive index of various compounds con-
taining MNPs of different geometries, sizes, and composition.
Since MNPs have strong localized surface plasmonic resonances
in the visible and infrared regions, and the corresponding real
part of the electrical permittivity is negative [22], Miller’s rule
[23] states that such doped compounds will present a negative
nonlinear refractive index. Consequently, an MNP-doped
waveguide may have a negative nonlinear coefficient. In several
works [24–27], calculations were made with photonic-crystal
fibers (PCFs) doped with silver MNPs. These waveguides
exhibit a distinctive zero-nonlinearity wavelength (ZNW)

energy (2~ωP = ~ωAS + ~ωS) and the number of photons, as 
depicted in Fig. 1.

MI has been studied widely in the area of optical fibers 
[3] and is related to the formation of optical solitons [4], the 
generation of coherent light in the infrared [5], and the amplifi-
cation of FWM interactions in optical communication systems 
[6], among others. Complete models of MI in waveguides 
(e.g., [7,8] and references therein) can be used to analyze the 
interplay between higher-order dispersion, Raman scatter-
ing, and self-steepening. The latter arises from the frequency
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Fig. 1. Modulation instability as a degenerate FWM process. Two
photons at the pump frequency are annihilated, and two photons at
Stokes and anti-Stokes frequencies are simultaneously created. This
process conserves both the energy and the number of photons.

in the near-infrared region. In order to assess the effect of the
doping, the propagation of the optical field was approached
by resorting to the generalized NLSE with various ways of
including the frequency dependence of the resulting nonlinear
coefficient. As pointed out, and to the best of our knowledge, an
analysis of MI in waveguides with an arbitrary nonlinearity pro-
file has not yet been reported in the framework of photon and
energy conservation. In Refs. [28–35], MI analyses up to the
second-order nonlinear coefficient were shown in the context of
metamaterials. In these works, a typical linear stability analysis
[2,36,37] was performed, and the MI gain in metamaterials
with a ZNW, g MI, was calculated. However, the number of
photons is not preserved, even when neglecting waveguide losses
since, as we mentioned before, the NLSE conserves the photon
number only when the nonlinear coefficient is a linear function
of frequency, with a slopeγNLSE

1 .
In this Letter, we derive MI gain profiles starting from

the pcNLSE. This propagation equation, based on a simple
quantum-mechanical picture of FWM interactions and a gen-
eralized Miller’s rule [14], reproduces results obtained with the
NLSE for a linearly frequency-dependent (with slope γNLSE

1 )
nonlinear coefficient, but also allows for the modeling of arbi-
trary frequency-dependent nonlinear profiles. The pcNLSE in
the frequency domain reads

∂ Ã
∂z
= iβ(�) Ã+ i 0̄(�)F

(
C∗B2)

+ i 0̄∗(�)F
(
B∗C 2) ,

(1)

where Ã is the Fourier transform of the complex envelope, B̃ =
4
√
γ (�)/(�+ωP) Ã, C̃ = ( 4

√
γ (�)/(�+ωP))

∗ Ã, and the
effective nonlinear coefficient is 0̄(�)= 4

√
γ (�)(�+ωP)3/2.

Even though this equation supports any function β(�) and
γ (�), it is usual to work with series expansions:{

β(�) = βP + β1�+
1
2β2�

2
+ · · · ,

γ (�) = γP + γ1�+
1
2γ2�

2
+ · · · .

(2)

For the linear stability analysis, we start with a CW field
AP(z)=

√
P0e ikPz, where P0 is the pump power, and kP is the

wavenumber, both at frequency ωP, plus a small perturbation
defined as

ε(z, T)= ε1e i(K z−�T)
+ ε2e−i(K z−�T), (3)

such that

A(z, T)= AP(z)+ ε(z, T), (4)

where |ε| � |AP|, and K is the wavenumber of the perturba-
tion. By substituting Eq. (4) into Eq. (1), and keeping only
first-order terms of the perturbation, the expression for the MI
gain is given by

g MI(�)= 2 |Im {K }| = 2

∣∣∣∣∣∣Im

√(

1k
2

)2

− γ̄ (�)2 P 2
0


∣∣∣∣∣∣ ,
(5)

where the mismatch factor,1k, is defined as

1k = 2kP − kS − kAS (6)

and relates momenta of the interacting photons:{
2kP = 2βP + 2γP P0,
kS = β(−�)+ 2γ̄S P0,
kAS = β(�)+ 2γ̄AS P0.

(7)

The functions γ̄ (�), γ̄S(�), and γ̄AS(�) are defined as

γ̄ (�)= Re
{

4
√
γP

4
√
γP

4
√
γS

4
√
γAS
} 4
√

1− (�/ωP)
2, (8)

γ̄S(�)= Re
{

4
√
γS

4
√
γS

4
√
γP

4
√
γP
}√

1−�/ωP, (9)

γ̄AS(�)= Re
{

4
√
γAS

4
√
γAS

4
√
γP

4
√
γP
}√

1+�/ωP, (10)

where γP, γS = γ (−�), and γAS = γ (�) represent the nonlin-
ear coefficient at the pump, Stokes, and anti-Stokes frequencies,
respectively, as derived from Eq. (2). Note that the separate cal-
culation of the fourth roots is necessary if negative nonlinearities
are considered, following the way they are computed in the
pcNLSE [14].

From the expressions above, we can calculate the gain spec-
trum, i.e., the dependence of g MI on frequency. In Fig. 2, profiles
of g MI for the NLSE and the pcNLSE are shown, where γ (�)
is taken as a linear function of frequency, but with an arbitrary
value of γ1 = 10γNLSE

1 , so that the waveguide exhibits a ZNW
in the region of interest. For the sake of simplicity, only β2 < 0
is taken into account, and higher-order dispersion terms are
neglected. Note the differences in MI gain in Figs. 2(a) and
2(b), becoming more apparent as the gain approaches the
ZNW. In both cases, and as expected, as |β2| decreases, the gain
bandwidth grows. In Fig. 2(c), the gain predicted by the NLSE
vanishes altogether, while the pcNLSE predicts a broader gain
bandwidth as compared to Figs. 2(a) and 2(b), and also the
spectrum exhibits two zero-gain points at each side of the pump.

To validate the analytical results in Fig. 2(c), we performed
simulations of Eq. (1) with the same waveguide parameters and
pump power. The input field is an intense pump at λ= 800 nm
with a finite optical signal-to-noise ratio of 50 dB (the added
noise is circular white Gaussian.) The result of an average over
10 noise realizations is shown in Fig. 3. Note that although there
seems to be a discrepancy between the average noise spectral
density and the MI gain close to �= 0, it can be shown that
the former “copies” the shape of the latter only at long propa-
gated distances [38]. Figure 3(a) shows the input and output
spectra after propagating 8 LMI, where LMI = [max g MI]

−1. In
Fig. 3(b), the photon fluxes9(ω)= P/~(ω) at frequencies ωS



Fig. 2. MI gain profiles for the NLSE (solid line) and the pcNLSE
(dashed line). γ (�)= γP + 10γ NLSE

1 �, with γP = 100 W−1 km−1,
and P0 = 1000 W. (a) β2 =−10 ps2/km; (b) β2 =−5 ps2/km;
(c) β2 =−1 ps2/km. The thick dot in the γ (�) curve marks the
ZNW.

and ωAS, corresponding to the frequencies of MI gain maxima,
are shown. Note that the equal growth of the photon fluxes
shows the strict photon-number and energy conservation of the
parametric FWM interaction. Further, in Ref. [12], and with an
analysis based on the NLSE, it was shown that the equal growth
of both sidebands occurs only in the case where γ1 = γ

NLSE
1 .

Here, the use of the pcNLSE ensures strict commitment to the
parametric FWM interaction for any arbitrary nonlinear profile.

In Ref. [39], the authors show MI gain spectra g MI as a
function of the pump power, obtained from the NLSE, and
emphasize the existence of a cutoff power [10], defined as
P NLSE

co = |β2γP|/γ
2
1 (only β2 considered), enabled by self-

steepening. We define the normalized power as p = P0/P NLSE
co ,

so that g MI vanishes when p > 1 as predicted by the NLSE.
Figure 4 shows g MI profiles as a function of the normalized
power, obtained with the pcNLSE, for three different values of
γ1. By varying γ1 one can readily see that a change in the ZNW
towards the pump frequency produces a shift of the points of
zero MI gain, leading to a more complex gain structure. In stark
contrast, an MI analysis starting from the NLSE (including the
effect of self-steepening) yields gain structures like that in the
top panel of Fig. 4. Furthermore, the MI gain obtained from
the pcNLSE vanishes for p > 1 only in the top panel (where
γ1 = γ

NLSE
1 ). In the middle and bottom panels, the gain extends

well beyond the corresponding cutoff power (i.e., there is MI
gain for p > 1). This explains the vanishing of the NLSE gain
in Fig. 2(c): the 1000-W pump power exceeds the cutoff power
as obtained with the NLSE, but the pcNLSE predicts a larger
cutoff power, and thus the observed MI gain.

Fig. 3. Simulation results. (a) Input (solid line) and output (dotted
line) spectra after propagating a distance proportional to the inverse
of g MI. g MI (dashed line) are shown to highlight the region of noise
growth. (b) Photon fluxes for Stokes (dashed line) and anti-Stokes
(solid line) frequencies.

Fig. 4. MI gain profile as a function of� and the normalized power
p = P0/Pco: (top) γ1 = γ

NLSE
1 ; (middle) γ1 = 1.5γ NLSE

1 ; (bottom)
γ1 = 3γ NLSE

1 .

In order to emphasize the complex dependence of the gain
spectrum with the nonlinearity profile, Fig. 5(a) shows the MI
gain with p = 2.75 (same parameters as those from the bottom
panel of Fig. 4), and Fig. 5(b) shows the effect of including a
quadratic term in the nonlinearity (see, e.g., Ref. [32]) yielding



Fig. 5. Modulation instability gain for a linear (a) and a quadratic
(b) nonlinearity profile. Zero-nonlinear wavelengths are marked by
thick dots.

two ZNWs within the bandwidth of interest. Notice the strong
gain compression within a significantly narrower bandwidth
in Fig. 5(b) as compared to 5(a) while keeping the same gain
amplitude.

In summary, by means of a linear stability analysis of the
pcNLSE, we obtained MI gain profiles for waveguides with
an arbitrary frequency-dependent nonlinear coefficient, while
ensuring strict conservation of the energy and the photon
number of the degenerate FWM interaction. The pcNLSE
was shown to predict different MI-gain spectra as compared
to those obtained with the NLSE, especially so when the zero-
nonlinear wavelength of the waveguide lies within the spectral
range of interest. In particular, a case was shown where use of the
NLSE leads to a vanishing of the MI gain, while the pcNLSE
predicts a complex gain spectrum. Numerical simulations, in
excellent agreement with analytical results, confirmed these
findings. Finally, we believe that the presented MI analysis of the
pcNLSE opens the door to easily and correctly tackle nonlinear
propagation in interesting media, such as MNP-doped wave-
guides and, in general, waveguides with frequency-dependent

1 nonlinearities.
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