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ABSTRACT 

This worK is i3f\pl,cable to LTJ .svstems, ,jescribed 
bv state-var iables, wnose measurement errors, .controls 
and outputs are to be bounded hy upper and lower 
limits, wt1en tne syst.em is driven by bounded pla11t. an,j 
measurement. noises and bounded disturbances. The 
metnodology nas been named LEB for its application to 
L,near systems, whose variables are contained within 
Ell ipsoidal sets when the disturbances and noises are 
Bounded. 

l : __ LELREGULATOR, THE SINGLf-DlSTURBANCE CASJ: 

Let.'s consider a LTI d,screte-t,me system 
descr ibed by the follow,ng equations: 

X (K+1) A X(K) + B U(K) + G W(K) 

y(K+1l = e x(K+1) + vfK+1l 

( 1) 

/?) 

wnere dimfx):nx1, dim(u):mx1, dim(wl:11<'1x1, 
dimfy):lx1, dim(v):lx1 and tne matrices are of 
af)propriate dimensions. This system will be controlled 
by a constant gain regulator tnat generates a control 
1 aw u ( K l : K X ( K l • 

The sets that effectively •conta,n" the bounded 
c:tisturbances, the cont,·ols ,rn,j the outputs mav be 
represent.ed by 

fw:w• (Q)-1 w " 1 l 

ou = ru:u' (K r K'J"l u = u' (TJ"I u" 1 l 

Oy a fy: y' (C r C')"l y U' (S)"l U " 1 l 

wnere umax i = f umin ji 
- (Ti) 111 for 

and yma x i = ¡ ym i n i 1 = $ j ¡111 or 1,i,1. Tne 
may be represented by 

ílx a (X: X' ¡r1·1 X " 1 J 

r : (A +B K) r (A + B K)' / r 1-Bl + G Q G'/ p 

(3) 

(4) 

(5) 

¡,1,m 
states 

(6) 

(7) 

and B (O < B < 1) , s a parameter that enters 
in tne construction of tne bounding ell ipsoid. 

d; ag r t..c re e e' - s / q 1 1 : o lt..C ;i, O) r 1 sJ 

wt1ere Q is the scalar version of Q (ndxnd), nd is 
the number Of di s tur bances, 8 : r;q anct tne 
matr i x Laqrange multipl iers are 1\, I\K and 
t..C. The iterative procedure to solve tnese 
equations is similar to tne procedure used in [3) for 
the continuous-time case. 

U.i.MODJFIED REGULATORS, EXPANSJON OF CONTROL LIMJTS 

Wi t.h no f i I ter ; n t11e feedback pat.h, the control 
law is of tt1e type uíKl: K x(K). In t.he presence of a 
fi lter, tt1e new control law wi 11 be u1 (Kl = K1 xb/Kl = 
K1 (x(k)+eíK)l = u2íKl + u3(Kl wnere K1 is the new 
modified-LEB-regulator qain, xb is the estimated stat.e 
variable, x is the real st.ate variable, e is tne 
estimation error (e(Kl:xb!K)-xfK)l, u2 is tne control 
law when Q is not zero fthere is plant noisel and R:O 
(there is no measurement noise) [1), u3 is the control 
law when G=O (no plant noise) and R is not zero !tnere 
is measurement noise) and u1 is tne sum of tnese two 
,:ontrol laws. 

Using support functions [1,4) for u2 and u3, 
apply,ng a Holder inequality to t.he resulting 
expression and defining a new variable t 
(O<t<1), a new control u1b can be defined such tnat 
u1b is contained ins•de an ell ipsoid Ou1b wnicn 
contains, in turn, tne ell ipsoid ílu1, where 

Ou1b : (u1b: u1b' f T1 1·1 u1b" 1 l (16) 

(17) T1 : K1 (r1 / f +E/ (1-t)l K1' 

wnere K1 and r1 
regulator problem for 
used to describe the 
estimation errors [11. 

Tne bounds for 

are obtained solving tne 
u1:K1•xb. E is the nxn matrix 

e 1 1 i pso id tha t con ta i ns tne 

tne modified ith control 
(i:1,2, ... ,m) are now given by: 

K1i(r1/t + E/(1-t))K1i': T1!i,i) "T(i,i) ( 18) 

To find the regulator gain tne following set of or 
equations nave to be sirnultaneously satisfied [5]: 

1\-A' [(t..)·1-B (I\K)"I B' /(1-P)J"I A /(1-8)+ C' I\C C: O (8)

0-(A+BK)'0(A+BK)/(1-Bl- GG'/B 

K ia - [ (1 - 8) I\K + B' /\ B J"I B' /\ A 
p = m / (1 + m) 

trace(/\ G G') 
m a ----------------------------------- , 1n 

trace[(\ (A+ B K) 9 (A+ B K)') 

1 - trace(AC S) - trace(I\K T) = o 

diag[ AK (K e K' - T / Q) l = o (AK ;i, O) 

O (9) 

(10) 

(11) 

( 12) 

( 13) 

(14) 

T2 ( i, i) / t + T3 ( i, i) / ( 1-t) : T1 ( i, i) " T ( i, i) ( 19) 

Then, the max imum excur si on for the i tn contra 1 is 
now ±(T(i,i) 1'1+ T3(1,i) 1'1) lnthepresenceof noise, 
there will always be expansions in tne maximum 
acnievable controls. 

A similar procedure can be followed to define tne 
expansion of output 1 imits (as before, a new variable 
y (O" y " 1) will nave to be considered). 
The maximum itn output excursion will be ±(S(i, i)"' + 
S3(i, i)"1) wnere S3:R. 

Note tnat tnis approcn Keeps 
wnen tney are incorporated in 
solution, the equatio.ns (8)-(15) are 
and optimum values of t and y result. 

e and y fixed. 
tne iterative 

sl igntly modified 



I l l :  SCALAR  EXAMPLE 

G W e n   t h e   s y s t e m   r e p r e s e n t e d   b y  
d x / d t  = -x  t 2 u t w,  y = x t v ,   t h e  L E E  s o l u t t o n   f o r  
t h t s   c o n t i n u o u s - t t m e   s y s t e m  I S  [2 ] :   maxtmum 
d t s t u r b a n c e  = (qmax)'/' = m x  17 .0   and  
r e g U l a t O r   g a i n  = K = - 1 . 2 .   T h e   d l s c r e t t z e d - t t m e   s y s t e m  
i s   x ( k t 1 )  = a x ( K )  t b u ( k )  t g w ( k ) ,   y ( K t 1 )  = x ( k t 1 )  t 

v ( k + l ) ,   w h e r e  a = e x p ( - A ) ,  g = 1-a,  b = 2 9   a n d  
A i s   t h e   d i s c r e t t z i n g   t t m e l   s t e p .   T h e   r e s u l t s  
o b t a l n e d   a f t e r   f o l l o w t n g   t h e   I t e r a t i v e   p r o c e d u r e  
P r e V i O U S l y   d e s c r t b e d   f o r   d t f f e r e n t  As  between 0 a n d  
1 a n d   c h o o s i n g  max tmum c o n t r o l  umax = 6 and  maxtmum 
o u t p u t  ymax = 5,  h a v e   b e e n   p r e s e n t e d   t n   [ 5 ]   a n d   t h e y  
a r e   b r   t e f  1 y s u m r  i z e d   h e r e :   a )   f o r   e v e r y  A t h e r e  
1s a t   l e a s t   o n e   b l n d t n g   v a r t a b l e   - c o n t r o l  (umax)  or 
o u t p u t   ( y m a x ) -   t h a t   r e a c h e s   t h e   r e q u t r e d   1 0 0 %   l i m i t .  
b )   f o r  0 4 A 6 A *   b o t h  I i m t t s  umax a n d  
ymax a r e   s t m u l t a n e o u s l y   r e a c h e d .   W e ' l l   c a l l   A *   s u c h  
t i m e   S t e p  ( A * = O .  348  t n   t h e  a t v e n   e x a m p l e ) ,  
c)   when 0 4 A 4 A* t h e  numer  tca 1 va I ues o f   t h e  
maximum d i s t u r b a n c e   m x ( A ~ )   a n d   r e g u l a t o r   g a t n  
K ( A * )   a g r e e  wt t h   t h e   c o r r e s p o n d t n g   v a l u e s   o f   t h e  
c o n t i n u o u s - t t m e   s o l u t t o n   ( 1 7 . 0   a n d   - 1 . 2   r e s p e c t i v e l y ) ,  
d) f o r   e v e r y   o t h e r  A ( I  . e .   n o t  i n  t h a t   r a n g e )  t,he 
maximum d i s t u r b a n c e   m x ( A )   i s   s m a l l e r   t h a n  
m x ( A * ) ,   t h e   r e g u l a t o r   g a i n   K ( A )  I S  l e s s   t h a n  
K ( A * ) ,   t h e   m a x i m u m   o u t p u t  1s ymax a n d   t h e  max imum 
c o n t r o l   i s   s m a l l e r   t h a n   u m a x .  

T h e s e   f a c t s   t n d t c a t e   t h a t ,   f o r  a c o n t t n u o u s - t i m e  
sys tem  whose LEE r e g u l a t o r   e x i s t s ,   d i s c r e t t z e d   w i t h   a n  
a r b i t r a r y   t t m e   s t e p   A ,   t h e   d e s t r e d  maxtmum c o n t r o l s  
a n d   o u t p u t s  umax a n d   ~ m a x   w i l l   n o t   b e   s i m u l t a n e o u s l y  
o b t a t n e d   u n l e s s   d i s c r e t i z t n g   w t t h  0 6 A 1 A * .  
M o r e o v e r ,   t h i s   c i r c u m s t a n c e   h a s   t o   b e   c o n s i d e r e d  
when t h e   d t s c r e t e - t t m e   s y s t e m  1s a l r e a d y   g i v e n .  

I f  a f i l t e r  1s u s e d  i n  t h e   f e e d b a c k   p a t h   a n d ,  
a c c o r d t n g   t o  [ l ] ,  we c o n s t d e r   t h a t   t h e   p l a n t   n o t s e   c a n  
b e   r e p r e s e n t e d   b y  Q = m x z  = 17 '  = 289,  
R = 1 . 6   a n d  we f i x  E y 1 0 . 5 ,   u s t n g   t h e  
a l g o r i t h m  s h o w n   t n   S e c t i o n  I w t t h   t h e   b o u n d s   m d i f t e d  
a s   I n d i c a t e d   t n   S e c t i o n  1 1 ,  we f t n d   t h a t   t h e   f t l t e r  
g a t n   i s  1 - q (q 4 O ) ,  t h e  maxtmum  measurement 
e r r o r  e = x b  - x i s   * ( 1 , 6 ) 1 J 4   t h e   r e g u l a t o r   g a t n  
K 1 = - 1 . 2   a n d   t h e  new  maxtmum d t s t u r b a n c e  m x 1  = 
i 1 1 . 2 2 5 .  I f  we s i m u l a t e   t h i s   s y s t e m   w i t h  
d i s t u r b a n c e s   e q u a l l y   d i s t r t b u t e d   b e t w e e n   i m x ,   t h e  
c o n t r o l   b o u n d s  wt I I  be * ( P  + T3"' ) = i ( 6 . 0 t 1 . 5 1 8 )   a n d  
t h e   o u t p u t   b o u n d s   w t 1 1   b e  fiS1l2 t S3'" ) i ( 5 . 0 t 1 . 2 6 5 1  
( F i g . 1 1 ,   c l e a r l y   e x c e e d t n g   t h e   d e s t r e d   b o u n d s .  TO 
r e c o v e r   t h e   o r i g t n a l   b o u n d s ,   t h e   d t s t u r b a n c e  wmax w t 1 1  
h a v e   t o   b e   r e d u c e d   t o  m x 1  ( F i g . 2 ) .  

CONCLllS I ONS 

T h e   t n c l u s t o n   o f   m e a s u r e m e n t   n o t s e  tn t h e  
s y n t h e s t s  o f  t h e  LEE r e g u l a t o r   a n d   I t s   a p p l t c a t t o n   t o  
d i s c r e t e - t i m e   s y s t e m s   a r e   e x t e n s t o n s   t o   t h e   o r t g t n a l  
a l g o r i t h m s   d e v e l o p e d   f o r  a " s e t - t h e o r e t t c "   S O l U t i O n   t o  
t h e   c o n t r o l   a n d   f i l t e r t n g   p r o b l e m .   i l s t n g   a n   s c a l a r  
example ,  some c h a r a c t e r t s t t c s   o f   t h t s   s o l u t i o n   w e r e  
shown. It i s   p a r t i c u l a r l y   I m p o r t a n t   f o r   s t m i a t i o n s   t o  
n o t e   t h e   d e p e n d e n c e   e x i s t r n g   b e t w e e n   t h e   m a x i m u m  
r e a c h a b l e   c o n t r o l s   a n d   o u t p u t s   a n d   t h e   t t m e   s t e p  
employed.  

T h e   t r e a t m e n t   o f   m u l t t p l e - d t s t u r b a n c e s ,   t h e  
s u b o p t i m a l   t t y   o f   t h e   r e g u l a t o r   f o u n d ,   t h e   r o b u s t n e s s  O f  
t h e   c o m p e n s a t o r ,   t h e   c o m p a r i s o n   w i t h   t h e  LQG S y n t h e S t S  
p r o c e d u r e   a n d   t h e   s h a p e   o f   t h e   e l l i p s o i d   t h a t  
" c o n t a t n s "   t h e   m e a s u r e m e n t   e r r o r s  a s  a f u n c t t o n   o f   t h e  
p a r a m e t e r s   u s e d   t o   b u i l d  i t  h a v e   b e e n   t r e a t e d   i n  141. 
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F I G .  1 :  c o n t r o l  u f k )  ( s o l  tu) and   ou t ,bu t  Y ( I O  (dashed)  
v s .   t t m e .   B o u n d s   e x c e e d e d   d u e   t o   m e a s u r e m e n t   n o l s e .  
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F l g . 2 :   t h e   o r i g t n a l   b o u n d s   a r e   r e c o v e r e d .  
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