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Abstract— This paper describes the implementation of a digital
robust controller in a cryogenic current comparator. The con-
troller was designed applying H o~ control theory and it was
programmed in a home-made digital unit. Experimental compar-
isons of the new robust controller with the conventional analog
integrator have showed a significant improvement of stability
robustness and noise rejection in the system.

Index Terms— Current comparator, H, control, metrology,
resistance measurement, superconducting quantum interference
device (SQUID).

I. INTRODUCTION

HE most accurate measurements have been obtained by

direct comparison of devices of the same kind, using a
sensitive instrument to detect their difference. The uncertainty
can be reduced if the user operates on the system until the
bridge is balanced, which corresponds to a detector reading
equal zero. In terms of control theory, it means that a negative
feedback loop is closed. Control theory shows that feedback
loops can also be used to reject the effects of unwanted sig-
nals, guarantee closed-loop stability, and improve robustness.
In addition, the theory provides tools to model systems, design
controllers, and evaluates their performances [1]-[3].

This paper presents the application of robust control theory
in a cryogenic current comparator (CCC) [4], which is a key
module of measurement bridges for resistance comparison at
direct current with ultimate accuracy [5]. The CCC is operated
in combination with a superconducting quantum interference
device (SQUID), a magnetic sensor with unparalleled sensi-
tivity. This sensor measures the noncancelled magnetic flux in
the CCC, but it has a nonlinear behavior and limited dynamic
range. These features and the high-Q self-resonances of the
comparator can lead to instability of the bridge, turning this
problem into an excellent test bench for control theory in
metrology.
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The objective of the new digital controller is to improve
SQUID performances and stability robustness. For this pur-
pose, the controller has to measure the sensor output and drive
a CCC input in order to reach the following specifications:

1) elimination of low frequency magnetic flux in the CCC

to fix the current ratio;

2) rejection of interfering signals at SQUID input;

3) rejection of high slew-rate signals at SQUID input;

4) guarantee the closed-loop stability under model uncer-

tainty.

A reduction of the noise floor and disturbing signals at
the input of the SQUID can help to decrease the rms value
of the rectified wideband components and the degradation
of the SQUID’s flux-voltage characteristic. This would be
particularly useful when operating the CCC bridge in a harsh
environment, where the electromagnetic or mechanical distor-
tions are stronger than in high accuracy laboratories.

High slew-rate signals, whose amplitudes exceed the
SQUID’s intrinsic linear range, can saturate the SQUID or
produce an excursion of the SQUID working point from one
to another steady state. Note that the magnetic flux at the input
of the SQUID during current reversal has larger amplitude than
other input signals. The slew rate of the remaining magnetic
flux depends on the duration of current reversal, the values
of the measured resistors, and on the dynamic differences
between the two branches of the bridge. Therefore, a minimum
duration time of current reversal that maintains the stability
of the bridge exists to a given setup. This fact imposes a
lower limit to the period of reversal and to the cancellation
of 1/f noise. A wideband controller may allow to decrease
the duration of current reversal in order to reduce the 1/f
noise effects.

All these points together will help to minimize the type-A
uncertainty and improve the bridge usability.

A. CCC Bridge at a Glance

The CCC setup has been designed and built by Physikalisch-
Technische Bundesanstalt (PTB) and Magnicon [6], [7]. Fig. 1
shows a schematic diagram of the CCC-based measurement
bridge used to compare two resistors, R; and R». Each
element is connected in series with a current source and a
CCC winding. The magnetic flux of the resulting screening
current flowing on the surface of the CCC torus is coupled
into the pick-up circuit of the SQUID. To set the current
ratio (equal to the reverse ratio of the numbers of turns),
a feedback is closed through a current source, i>(f) in this
setup.
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frequency response in open-loop configuration, A and B have to be connected via A1-B1. Connection via A2-B2 corresponds to the closed-loop operation using
the digital controller consisting of analog-to-digital and digital-to-analog converters (ADC resp. DAC) with a complex programmable logic device (CPLD) in
between. Connection via A3-B3 (shown in gray color) corresponds to the PTB analog integrator.

To full balance the bridge, the voltage difference between
both resistors is measured with a nanovoltmeter. A compensa-
tion network is used to carry to zero the voltage reading, it con-
sists of an auxiliary winding N4 and a binary compensation
unit represented here by Ry and Ry . Proper adjustment of this
network can decrease the voltage readings below 100 nV [8].

The controller used in PTB’s CCC is an analog integra-
tor implemented in the readout electronics of the SQUID.
Its output is available as electromagnetic radiation of vari-
able frequency. The feedback loop can be closed using any
current source by means of an optical input and the feedback
signal is converted into a voltage using a frequency-to-voltage
converter (FVC). After that, the output of the FVC is scaled
using a digitally controlled attenuator (G;) whose attenuation
factor can be selected from —27 down to —97 dB. Lastly, the
attenuated voltage is added to the main source signal and the
resulting voltage is converted into current.

The controller voltage signals or other excitation voltages
are converted into electromagnetic radiation with variable
frequency using a voltage-to-frequency converter (VFC). The
VEC, a fiber optic, and the FVC form an optical link whose
transfer function is unitary with a maximum frequency equal
to 10 kHz, so this paper is limited to that frequency. The
optical link has a central importance in this paper. It will be
used to excite the system or to close the feedback loop with
different controllers, Fig. 1 shows the possible connections.
In fact, the voltage signal at VFC converter, vypc(t), is
considered as the feedback input.

II. IDENTIFICATION

The identification of the transfer function from the input
Vwrc(s) to the output of the SQUID Vsq(s), G(s) =
Vsq(s)/ Vvec(s), was performed measuring the frequency
response with a dynamic analyzer. The instrument was
configured in sine sweep mode and connected according
to Fig. 1. The analyzer generated a sinusoidal voltage of
variable frequency, which was injected into the current source

of interest via B-B1 and through the optical link. The instru-
ment measured the excitation voltage and the SQUID output,
and calculated the magnitude and phase of their ratio in
order to obtain G(s). The output voltage of the SQUID and
excitation signal were displayed on an oscilloscope. Therefore,
the amplitude of the excitation signal was decreased in case of
saturation or an excursion of the SQUID working point from
one to another steady state.

Four configurations were selected according to their impor-
tance and/or challenge. The most studied setup was 12.9 kQ
against 100 Q, which is the usual setup to obtain traceability
with the integer quantum Hall effect (second plateau).
In addition, the ratios 1 and 100 MQ against 12.9 kQ were
studied because the applied currents to the unknown resistors
were less than 3 uA, so a high magnetic flux resolution was
required. However, the thermal noise of the high value resistors
limited the system noise floor. Consequently, a configuration to
calibrate a new current amplifier called ultrastable low-noise
current amplifier (ULCA [9]) was also tested. This device
has lower thermal noise, then the SQUID noise dominated the
system resolution and therefore this configuration allowed to
study the effects of controller performance in the final type-A
uncertainty.

The measured transfer functions presented strong depen-
dence on the studied configurations, which was probably
produced by leakage currents flowing through the windings.
However, the system can measure 100 MQ with an accuracy
lower than 1 ©€Q/Q, hence the current leakage effects have
to be negligible at the measurement frequency: 50 mHz
approximately. This behavior can be modeled with stray
capacitances, but a complete analysis of this problem is
beyond the scope of this paper. Based on these observations,
a family of models that covers all the possible configurations
of the system could be very conservative, hence reducing the
performance of the closed-loop system [1], [10]. Thus, an
algorithm was developed to identify a family of models in
order to design a robust controller for each configuration. The
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Fig. 2. Nominal model for each working configurations. The feedback for

12.9 kQ against 100 Q was closed at source 2 with 5 mA range, 31-turns
winding and G; = —49.5 dB. Similar parameters were used for ULCA
calibration, but with a 4-turns winding connected to the secondary resistor of
100 Q and G; = —34.5 dB. For measuring resistors of 1 and 100 MQ, the
feedback was closed in the primary source with a range of 5 xA. With the first
resistor, we used the 4029-turns winding and an attenuation of —37 dB, while
with the second a 15496-turns winding and G; = —29.5 dB was configured.

nominal model was estimated from experimental data using
the subspace algorithm and the prediction error minimization
method [11].

The frequency responses of the nominal models, Gg(s),
are shown in Fig. 2. They have a dynamic uncertainty close
to 5.5% up to 10 kHz, produced mainly by the dynamic
analyzer and the system repeatability. After that frequency
the knowledge of the system must be considered null,
i.e., above 100% uncertain. In this way, the family of models
was constructed with the nominal model and a multiplicative
dynamic weight that limits the knowledge of the system
above 10 kHz.

III. Hoo CONTROLLER DESIGN AND IMPLEMENTATION

The robust controller was designed by an algorithm that
optimizes the Ho, norm of a certain transfer function, as
explained in [1] and [10]. More precisely, the application
was posed as a mixed sensitivity problem, which guaranteed
stability and disturbance rejection for all closed-loop models in
the family of models, which actually included the real physical
system. The designed controllers, one for each configuration,
behaved like an integrator up to 100 Hz. At that frequency,
they reduced the gain slope up to 1 kHz and then they returned
to the integrative behavior.

A control unit was designed and implemented to measure
the SQUID output, calculate the control equation, and generate
the feedback signal in approximately 9 us and with 100 kHz
sampling rate. The acquisition was performed with an 18-bits
analog-to-digital converter (ADC) in a unique range of £0.7 V
with a cutoff frequency equal to 15 kHz. The control signal
was generated by a 20-bits digital-to-analog converter (DAC)
with £5 V of range and a cutoff frequency of 100 kHz. The

control unit had a complex programmable logic device (CPLD)
to configure and manage the ADC and DAC converters, and
to compute the feedback signal. Because of the number of
logic elements (LEs) of the used CPLD, it has 1270 LEs,
a limit to the algorithm size was introduced. The control
equation was approximated by a difference equation, which
was solved sequentially with second-order sections, allowing
to represent an equation of order 4 with a 20-bits digital
word size. We will show next that the achieved resolution
in the calculation produced some numerical errors solving the
control equation that limited the controller performance at low
frequencies.

The control action depended on the gain from the optical
link input to the magnetic flux in the CCC. So, the adjustable
attenuator G; was selected to obtain good sensitivity and wide
dynamic range. The first determines the minimum magnetic
flux that can be cancelled, hence a bad resolution could
generate systematic errors. The dynamic range of the controller
limits the amplitude of the distortions that can be cancelled.
If the range is larger, the system could reject larger per-
turbations. Note that these requirements are opposite and a
compromise has to be reached. The approach was to set the
attenuator gain in order to match the resolution of the DAC
with the resolution of the ADC, equal to 0.3 nA for a single
turn of the CCC.

IV. CONTROLLER COMPARISON

The performance of the Hy controller (Ko (s)) and the
analog integrator (K (s)) was compared. First, some measure-
ments of resistors were performed. Then, the controllers were
contrasted by means of frequency response measurements of
the closed-loop transfer function. This information was com-
plemented with noise spectrum measurements at the SQUID
output and temporary step or impulse responses. In addition, a
test to study the effects of mechanical distortions was carried
out (see [12]).

A. Resistor Measurements

For each configuration some measurements of the resistance
ratio were performed, closing the feedback loop consecutively
with the integrative and the Ho controller. The results are
shown in Fig. 3, where the error bars inform the type-A
uncertainty of 48 individual measurements (or 24 in a few
cases). Each individual value was taken in a 20 s cycle, which
included a current reversal.

Only the resistors of 100  and 12.9 kQ were in a stabilized
air bath within the range of 22.90 °C-22.94 °C. So, the type-A
uncertainties of the measurements involving high value resis-
tors were affected by the laboratory temperature instability,
£0.2 °C. The nominal linear temperature coefficients of the
1 and 100 MQ resistors were 0.06 and 5 u€/Q, respectively.

In the measurement of 100 MQ versus 12.9 kQ, the Hso
controller was designed and used with two values of the
adjustable attenuator, G; = —47 dB and G; = —42 dB.
The first configuration had a better control resolution, but
the SQUID working point moved from one to another steady
state with a duration of current reversal equal to 0.2 s due to
the limited dynamic range of the controller, hence a duration
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Fig. 3. Measurements of Rj to the ratio (a) 12.9 kQ versus 100 Q,
(b) 1 MQ versus 12.9 kQ, and (c¢) 100 MQ versus 12.9 kQ. (d) Measured value
of ULCA’s amplification. The results obtained with the integrative controller
are shown with blue diamonds, while red squares represent the corresponding
values taken with the Moo controller. In (c), the Hoo controller was designed
and used with two values of the adjustable attenuator, G; = —47 dB and
G = —42 dB, the second configuration is indicated with asterisks.

of 0.3 s was configured. The faster duration of current reversal
could be successfully stabilized using the second configuration
because the controller had a larger dynamic range. Fig. 3(c)
shows the results for both configurations; the latter is indicated
by asterisks. In the case of the ULCA calibration (Fig. 3(d))
the current in the amplifier input was 13 nA and the last five
measurements were taken with a current ten times smaller.

N,

:

-

Dynamic analyzer
SOURCE__ CHI1 CH2

ve(2)

Fig. 4. Experimental setup used to measure the transfer function of the
open- and closed-loop system from an excitation winding.

A good compatibility was found, therefore, the new con-
troller can be used in routine measurements of resistors.
However, larger standard deviations were obtained with the
digital controller for 1 MQ and ULCA configurations, e.g.,
in Fig. 3(d) the type-A uncertainty obtained with Kj(s) is
two times lower. This was produced by numerical errors in
the calculation of the control equation that generated low
frequency noise.

B. Closed-Loop Frequency Response

The frequency response of the closed- and open-loop system
was measured with a dynamic analyzer (see Fig. 4). It excited
the CCC with a voltage Vg(s), which was magnetically
coupled to the CCC using Ng with a resistor connected in
series. The instrument measured the applied voltage and the
output of the SQUID, and reported the ratio between both.

The rejection of the input signals Vg(s), including exoge-
nous distortion, in the SQUID output can be quantified as
[Vsq(s)/VE(s)| with s = jo fixed at the frequency of
interest, e.g., the power line frequency or its harmonics.
So, the closed-loop transfer function obtained with both con-
trollers can be compared, the one with lower amplification has
better distortion rejection.

Fig. 5 shows the frequency responses for the ratio 12.9 kQ
versus 100 Q with the digital and analog controller. K (s) was
configured with several values of the input feedback attenuator,
from —59.5 up to —42 dB. When this gain was increased,
the peak of the magnitude also increased until the closed-
loop system lose its stability (with G; = —39.5 dB). This
showed clearly that the bandwidth of the integrative controller
was limited by the CCC’s resonant frequency [13]. However,
the controller designed by H, control presented a larger
bandwidth and a better rejection of distortion. It reduced the
magnitude of the transfer function by 20 dB up to 500 Hz and
at that frequency the difference was 40 dB compared with the
usual configuration at PTB (K;(s) with G; = —49.5 dB).

The configuration 1 MQ versus 12.9 kQ presented strong
differences in the frequency response depending on which
current source was controlled. Fig. 6 shows several mea-
surements with the integrative control connected to both



G, =-44.5dB
G,=-495dB < *

[Vso(8)/ Vi(s)I 2 (dB)

e - - With Ko (s)
1201, — With K(s)
10" 10° 10! 107 10° 10*
Frequency (Hz)

Fig. 5. Frequency response measurements of the closed-loop system ready to
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Fig. 6. Frequency response measurements performed with the configuration
1 MQ versus 12.9 kQ.

sources and with Ko (s) connected to the primary source.
The open-loop transfer functions from [; and I, were
also included. When the integrative feedback is injected
in I>(s), the measured closed-loop frequency response is
faster compared with other configurations, because the open-
loop response from that input (thin black line) is almost
flat. Instead, the feedback current is attenuated at high fre-
quencies when it is injected into I;(s) (blue dotted line).
Koo (s) was implemented in this source due to the limited
resources in the CPLD and the measured closed-loop fre-
quency response was 10 dB lower than the faster response
obtained with the integrative controller connected to the same
current source.

Fig. 7 shows the measurements of the 100 MQ versus
12.9 kQ ratio. When the feedback was closed with K;(s) and
G; = —47 dB the frequency response (blue line) was equal
to the one obtained at open loop from the same excitation
winding (thin black line). This was produced because the
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Fig. 7. Frequency response measurements performed with the configuration
100 MQ versus 12.9 kQ. A simulation of the closed-loop frequency response
is included.

TABLE I

PEAK VALUE AND FREQUENCY OF |S(j®)|oo FOR EACH CONFIGURATION
AND CONTROLLER. IN THE 1 MQ VERSUS 12.9 kQ SETUP, THE
PRESENTED RESULTS WERE OBTAINED USING THE DATA
WHICH INVOLVE THE PRIMARY CURRENT SOURCE

Ratio | Controller | 1ISU0)|e | 4%
Ki(s) with G1 = —49.5dB | 49 V/V | 3.4 kHz
129 kQ vs 100 Q | Ki(s) with Gy = —42 dB | 23.0 V/V | 4.8 kHz
Koo (s) 53 V/V | 153 kHz
Ki(s) with G1 = —27dB | 3.5 V/V | 2.8 kHz
1 MQ vs 12.9 kQ Koo(s) 24 V/V | 12.0 kHz
] Ki(s) with Gy = —29.5 dB | 10.7 V/V | 4.5 kHz
100 MQ vs 12.9 KQ | ") ith Gy = —47 dB | 3.4 V/V | 10.0 kHz

S0

N

jas -+- Open-loop

gf — Closed-loop with K(s)

=3 10° —-Closed-loop with-K(s)-and-20-bit

g —- Closed-loop with K,(s) and 18-bit

.g -:- Closed-loop with K(s) and 17-bit

=

S 101

B

=

2

i (Ui SIS W S8 ST

5]

2

7

£ 101

o

E

S ‘ ‘ ‘

a1 10 100 1000 10000
Frequency (Hz)

Fig. 8.  Spectral density of the magnetic flux noise in the SQUID super-

conducting ring depending on the frequency. The system was configured to
measure 12.9 kQ versus 100 Q. Three measurements are shown with Koo (s);
in the first case all the resources of the CPLD were used and in the other
measurements the size of the calculation word was intentionally reduced
by 2 and 3 bits. The used word sizes are presented.

controller’s gain was not strong enough. In fact, the standard
configuration for this ratio used Gy = —29.5 dB. In this case,
Koso(s) with G; = —42 dB reduced the magnitude of the
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Fig. 10. Experimental setup used to measure the step and impulse responses
of the closed-loop CCC. A function generator excited the system. A digital
oscilloscope measured the input signal, the output of the SQUID and the input
voltage to the optical link [vypc(7)].

frequency response by 10 dB at frequencies lower than 400 Hz
and by 20 dB at 700 Hz.

The measured transfer function was affected by the
dynamics of the excitation winding Ng. An independent result
is the peak value of the transfer function S(s) = 1/(1 +
G(s)K(s)) with s = yw and G(s) = Vsq(s)/ Vvrc(s). First,
the transfer functions from Ng at closed loop and open loop
were identified, and then the infinity norm of the first model
divided by the second was calculated. Table I shows the peak
value for each controller and configuration. The new controller
improved the closed-loop performance in all the cases.

C. Spectral Density of Flux Noise

In this section, some spectral densities of flux noise in
SQUID input are presented. This is the usual figure of merit
for SQUID-based system [14], [15]. However, the measured
noise can be affected by external perturbations and a complete
isolation of the CCC bridge is, at least, a challenging task.
So, we performed this experiment as a comparative study of
controller’s performance.
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Fig. 11. Response of the closed-loop CCC to square wave excitations using

the digital and the analog controller. (a) and (b) Outputs of the SQUID and
the controller are presented, respectively.

The results for the ratio 12.9 kQ versus 100 Q are shown
in Fig. 8. In addition, the results for the calibration of the
ULCA amplifier are presented in Fig. 9. In both cases,
the closed-loop system with the controller designed by Hso
presented a lower noise floor from 30 up to 1 kHz. In this way,
the rms noise at the SQUID input was reduced by 35% or 25%.
However, the noise floor obtained with K~ (s) was worse at
low frequencies because the numerical errors in the control
unit produced a noise limit equal to 10 x®g/+/Hz. This
phenomenon was clearly observed in the ULCA setup because
the amplifier had a lower noise level than the thermal noise of a
12.9 kQ resistor at room temperature. To test this problem, the
measurement was repeated with the Ho, controller reducing
by 2 or 3 bits the word size used to calculate the control
equation. The low frequency noise got worse with each case
(see Fig. 8).

D. Step and Impulse Responses

The step and impulse responses can be used to compare the
controllers. We focused in two parameters, the overshoot, and
the time constant. The first one gives an idea of the maximum
output for a given input, so it can be related to the closed-loop
system stability. The time constant is related to the controller
bandwidth; a lower time constant is equivalent to a faster
controller.

The experimental setup is depicted in Fig. 10; the excitation
signal was injected through Ng. The SQUID output, the
excitation voltage, and the feedback signal were measured with
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a digital oscilloscope. The CCC was configured to measure
the ratio 12.9 kQ versus 100 Q and the feedback was closed
alternately with each controller.

Figs. 11 and 12 depict the step and impulse responses.
The new controller reduced the time constant in both cases.
In addition, the overshoot in the SQUID output was strongly
reduced with the step excitation. However, this parameter
could not be improved with the impulse excitation.

The maximum amplitude of the excitation signal without
losing closed-loop system stability can also be studied. The
peak value of the excitation was increased until excursions
of the SQUID working point were observed. Ko (s) could
manage a square wave with an amplitude up to 2.75 times the
maximum value that the integrator could drive. In the case of
the pulse train, the same behavior was found but with a margin
equal to 50%.

V. CONCLUSION

The Hoo control theory was successfully applied to four
configurations of the PTB’s CCC. The designed controllers
were implemented with a home-made digital unit and this
new setup increased stability robustness, distortion rejection,
and reduced the effective noise in the SQUID input. These
improvements were possible due to the larger bandwidth of
the Ho controller in comparison with the integrative (analog)
controller.

The standard deviations of the resistance measurements with
the new controllers were equal or worse than the obtained
values with the integrative controller. This fact demonstrated a

deficient cancellation of the magnetic flux at the measurement
frequency due to the numerical errors in the calculation of
the control equation. The type-A uncertainty can be improved
increasing the binary word size in the calculation. To accom-
plish this, the CPLD has to be replaced by a state-of-the-art
programmable logic device. In addition, this may help to
reduce the delay between measurement and action, increasing
the controller bandwidth.
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