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STABILITY FOR NONLINEAR TIME-VARYING SYSTEMS OF
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Abstract. For large classes of infinite-dimensional time-varying control systems, the equivalence
between integral input-to-state stability (iISS) and the combination of global uniform asymptotic
stability under zero input (0-GUAS) and uniformly bounded-energy input/bounded state (UBEBS)
is established under a reasonable assumption of continuity of the trajectories with respect to the
input, at the zero input. By particularizing to specific instances of infinite-dimensional systems,
such as time-delay, or semilinear over Banach spaces, sufficient conditions are given in terms of the
functions defining the dynamics. In addition, it is also shown that for semilinear systems whose
nonlinear term satisfies an affine-in-the-state norm bound, it holds that iISS becomes equivalent to
just 0-GUAS, a fact known to hold for bilinear systems. An additional important aspect is that the
iISS notion considered is more general than the standard one.
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1. Introduction. Analyses and characterizations of input-to-state stability (ISS)J]
and integral-ISS (iISS) for infinite-dimensional systems, such as time-delay systems,
systems modelled by partial differential equations (PDEs) and semilinear systems on
Banach spaces, have seen great progress mostly in the last decade [5-7,13-16,18-22,
25-30, 32-36, 38]. The reader may consult the excellent survey [31] for an updated
account of results on ISS of infinite dimensional systems. As far as generality is
concerned, arguably much greater progress has been made in the analysis and char-
acterization of ISS [31], as opposed to iISS. For example, for large classes of infinite-
dimensional systems not restricted to semilinear systems over Banach spaces, [32]
characterizes ISS in terms of simpler properties and [26] does so for input-to-state
practical stability. As mentioned in [32], characterizations of ISS in terms of other
simpler stability properties are advantageous in simplifying proofs and in analysing
different classes of systems.

As regards characterizations of iISS for time-invariant infinite dimensional sys-
tems, [5,22] characterize iISS for time-delay systems in terms of Lyapunov-Krasovskii
functionals. For linear (infinite-dimensional) evolution equations on Banach spaces
with bounded input operators, it is known that ISS, iISS and uniform global as-
ymptotic stability under zero input become equivalent [30], analogously to finite-
dimensional linear systems. More generally, for bilinear infinite-dimensional systems
on Banach spaces [30] establishes the equivalence between iISS and uniform global
asymptotic stability under zero input and establishes the existence of iISS-Lyapunov
functions in the case of Hilbert spaces, under additional assumptions. As for linear
infinite-dimensional systems with unbounded input operators, [15] characterizes iISS
in terms of the exponential stability of the semigroup and an admissibility condition
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on the inputs. In [13], the iISS of bilinear systems with unbounded operators is char-
acterizated in terms of the iISS of certain associated linear systems. To the best of
the authors’ knowledge, other more general characterizations have not yet been devel-
oped, nor characterizations valid for time-varying systems. One problem is that many
of the characterizations developed in [1] for time-invariant finite-dimensional systems
cease to hold already when the finite-dimensional system is time-varying or when the
setting is such that existence of an iISS-Lyapunov function is not guaranteed [8]. One
characterization that remains valid in these cases is the superposition-type one

(1.1) “ISS « 0-GUAS A UBEBS”,

stating that iISS is equivalent to the combination of global uniform asymptotic sta-
bility under zero input (0-GUAS) and uniform bounded-energy input/bounded state
(UBEBS) [8,10], as originally stated for time-invariant systems in [2].

In this context, the contribution of the current paper is to show that the charac-
terization of iISS as the combination of 0-GUAS and UBEBS remains valid for broad
classes of time-varying infinite-dimensional systems, provided a reasonable condition
of continuity with respect to the input, uniformly with respect to initial time, is satis-
fied by the system trajectories, at the zero input. This characterization is established
with a focus on minimizing assumptions on the input so that, in addition to the stan-
dard iISS notion involving an integral of a function of the input, the characterization
also holds for more general notions of iISS and UBEBS. By particularizing to spe-
cific classes of systems, such as semilinear over Banach spaces or to retarded ordinary
differential equations, simpler sufficient conditions to ensure the required continuity
with respect to the input are also given.

The organization of the paper is as follows. Section 2 gives the definitions of
time-varying system with inputs and the required stability properties, and poses the
specific problem addressed. In Section 3, the required assumption of continuity with
respect to the input is given and the equivalence (1.1) is established. Sections 4
and 5 provide simpler sufficient conditions to ensure the required continuity in the
case of time-delay systems and semilinear systems on Banach spaces, respectively.
Section 5 also contains the particular case where iISS becomes equivalent to just 0-
GUAS. Conclusions and final remarks are given in Section 6. Most proofs are given
in the Appendices.

Notation. N, R, Ry, and R>¢ denote the natural numbers, reals, positive, and
nonnegative reals, respectively. We write o € K if o : R>9g — R>¢ is continuous,
strictly increasing and «(0) = 0, and a € K if, in addition, « is unbounded. We
write B € KL if B: R>g X R>g = Rxo, B(+,t) € K for any ¢ > 0 and, for any fixed
r > 0, B(r,t) monotonically decreases to zero as t — oo. The single bars | - | denote
the Euclidean norm in R"™.

2. Preliminaries.

2.1. Time-varying systems with inputs. In order to make our results ap-
plicable to different classes of time-varying systems with inputs, for example those
described by ordinary differential equations (ODE) with or without impulse effects,
retarded differential equations (RDE), semilinear differential equations (SDE) and
switched systems, among others, we consider the following general definition of time-
varying system with inputs.

DEFINITION 2.1. Consider the triple ¥ = (X, U, $) consisting of
1.- A normed vector space (X, | - ||x), which we call the state space.



IISS CHARACTERIZATION FOR INFINITE-DIMENSIONAL SYSTEMS 3

2.- A set of admissible inputs U = {u : R>¢g — U}, where U is a vector space of input
values, which satisfies:
(a) The zero input belongs tolU, i.e. 0 € U with 0 : R>g — U such that 0(t) = 0.
(b) If u,v €U and t > 0, then the concatenation uf;v € U, where

() = {“(T’ e

o(t) T>t

3.- A transition map ¢ : Dy — X, with Dy C {(t,s,z,u) :t > s> 0,z € X,u € U},
such that for alls > 0,z € X andu €U, {t € R>¢ : (t,5,2,u) € Dy} = [5,t(5.2,u))
with s < (544 < 00.

We say that ¥ is a system with inputs if the following properties hold:

(X1) IHdentity: ¢(t,t,z,u) =z forallt >0,z € X andu € U.

(32) Causality: for all (t,s,z,u) € Dy with t > s, if v € U satisfies v(T) = u(7)
for all T € (s,t], then (t,s,x,v) € Dy and ¢(t,s,x,v) = ¢(t, s, x,u).

(33) Semigroup: for all (t,s,z,u) € Dy with s <t, if s <71 <t
then ¢(t, 7, ¢(7, s, z,u),u) = ¢(t, s, x,u).

This definition of system involves existence and uniqueness of solutions and is
an extension of that in [31,32] to encompass various classes of time-varying systems.
One difference here is that the function ¢(-,s,z,u) is not assumed continuous for
every fixed (s, z,u) (cf. property 35 in [31]). This allows for the occurrence of jumps
in the state trajectory. For other definitions of systems with inputs the reader may
consult [17,40].

Given tg > 0, g € X and u € U, the function z(t) = (¢, to,xo,u), t €
[tos t(to,20,u))> Will be referred to as the trajectory of ¥ corresponding to the initial
time tg, initial state xg and input w. We say that ¥ is forward complete if for all
to >0, 10 € X and u € U, t(yy00,u) = 00, 1., if every trajectory is defined for all
times ¢ greater than the initial time.

Given an interval J C R>¢ and u € U we define uy : R>¢ — U via u;(7) = u(7)
if 7 € J and u;(7) = 0 otherwise. Since u(s4 = 0fsuf;0 and u(, o) = Ofsu, both
U(s) and u(s ) belong to U. Due to causality, if (¢,s,2,u) € Dy and t > s then
(7, 8,2, u(s4) = O(T, 5,2, U(s,00)) = O(T,5,2,u) for all T € (s,1].

2.2. Stability definitions. The stability properties considered next are straight-ii
forward extensions of those defined for specific classes of systems with inputs. The
set of admissible inputs U is assumed to be endowed with a nonnegative admissible
functional, defined as follows.

DEFINITION 2.2. The functional || - |ju : U — R U {oo} is said to be admissible
if it satisfies the following conditions:

a) |[0fler = 0;

b) for all0 < s <t <ooandallu€clU, |ueygllu < oo and |luisgllu < |lugs,o0)llu <
[[eles-

An admissible functional || - ||z is not required to be a norm on U, and is not even

necessarily finite for every input w. The set of inputs u € U for which [Jully < oo will
be denoted by Upr. Examples of admissible functionals are next defined.

DEFINITION 2.3. Let U be a normed space with norm |- ||y and let LS. (R>o,U) =
{u:Rx>o = U:|u()|lu € L2.(R>0)}, where LS (R>¢) is the set of locally essentially
bounded Lebesgue measurable functions h : R>g — R. IfU C L{S.(R>o,U), then the

loc
functionals defined below are admissible:
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a) Jlulloo := ess sup;sollu(t)|u-
b) Given a positive, strictly increasing and unbounded sequence A = {11}, ||u||co,x =

[[t]|oe + supy, [[u(7e)|u-

¢) Given k € K, ||u|,; := fooo w ([[u(s)llu) ds.
d) For k and X as above, ||ul.x = ||ull. + >, £(||u(tk)]|u)-
e) For k as above and T >0, ||ulx1 = sup;>o [ e+l s

The following stability properties are extensions to time-varying systems of some

of those in [32]. Since |lully = oo may be true for some inputs u € U, we adopt the
convention p(co) = oo for any function p € K.

DEFINITION 2.4. Let ¥ be a system with inputs and let || - ||y be an admissible

functional. Then

a) ¥ is zero-input globally uniformly asymptotically stable (0-GUAS) if there exists

B € KL such that for all tg > 0 and xg € X, the trajectory z(t) = ¢(t, g, o, 0) is
defined for all t > tg and satisfies

(2.1) lz(®)llx < Blzollx,t —to) Vi > to.

b) ¥ is input-to-state stable (ISS) with respect to the admissible functional || - ||u,

abbreviated || - ||u-ISS, if T is forward complete and there exist p € Koo and S € KL
such that for all tg >0, xg € X and u € U, the corresponding trajectory x(-) of ¥
satisfies

(2.2) lz(@)llx < B(lzollx,t —to) + pllullu) VE = to.

¢) X is uniformly globally bounded (UGB) with respect to the admissible functional

I - llue, abbreviated || - || -UGB, if ¥ is forward complete and there exist o, p € Koo
and ¢ > 0 such that for allt > tg > 0, zg € X and u € U, the corresponding
trajectory x(-) of X satisfies

(2.3) z@®)llx < c+alllzollx) + p(lulle)  VE = to.

d) ¥ is uniformly globally stable (UGS) with respect to the admissible functional |||,

abbreviated || - ||l -UGS, if it is || - ||u-UGB and (2.3) holds with ¢ = 0.

The word “uniformly” in Defintion 2.4 a), ¢) and d) involves uniformity both with
respect to the state and with respect to initial time. For conciseness, we avoid the use
of a double ‘U’ and use ‘0-GUAS’ instead of the ‘0-UGAS’ used to denote uniformity
with respect to the state in, e.g. [25]. Whenever the admissible functional || - ||z is
clear from the context, we may remove the prefix || - ||y and simply refer to the ISS,
UGB or UGS properties.

Note the following:

i) Due to causality (¥2) and Definition 2.2b), replacing ||ullzs by [|w sy, lee oF [[w(t,,00) lledfi
in (2.2) and (2.3), equivalent definitions of ISS and UGB (or UGS), respectively,
are obtained.

ii) Since (2.2) and (2.3) are trivially satisfied when |luljzy = oo, no loss of generality

is incurred if only inputs belonging to Up are considered in the definitions of ISS
and UGB.

iii) When the system X satisfies the boundedness-implies-continuation (BIC) prop-

erty, i.e. when ¢(-, s, z,u) being bounded on [s, (s 5,,)) implies that t( ;) = oo,
then the forward completeness requirement can be removed from Definition 2.4.
This happens because, since from item i) above ||ulfy/ can be replaced by [|u s, 4 lles
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and [|w (4l < 0o from Definition 2.2b), then the satisfaction of (2.2) or (2.3) for

all t € [s,t(5,2,4)) and all s >0, x € X and v € U would imply that #(, , ,) = oo

and therefore that ¥ is forward complete.

Some standard stability properties defined for specific classes of systems, such
as those modelled by ODEs with or without impulse effects, RDEs or PDEs, are
recovered by choosing the admissible functional || - [y in a suitable manner. For
example, for systems without impulse effects, || - | o-ISS is the standard ISS property
and || - [|co-UGS is the uniform bounded-input bounded-state property [3]. Moreover,
for k € Koo, then || - ||5-ISS becomes iISS, and || - ||,-UGB and || - ||,-UGS become
uniformly bounded-energy input/bounded-state (UBEBS) and UBEBS with constant
¢ = 0, respectively (see [2,5,8,36]). In these cases, x is referred to as the iISS- or
UBEBS-gain according to the considered property. Also, || - ||5,7-ISS is an extension
of the p-ISS property considered in [24]. In the case of systems with impulse effects,
where the state jumps at a fixed sequence A of impulse-time instants, || - ||oo,x-ISS,
|- Nl A-ISS, || - [x,2-UGB and || - ||x,»-UGS become, respectively, the usual ISS, iISS,
UBEBS and UBEBS with constant ¢ = 0 properties and in the case of the iISS and
UBEBS properties « is also referred to as the iISS- and UBEBS-gain [10-12,23].

A common feature of |- ||, and |- ||, is that both functionals satisfy the following
condition (actually with equality):

(E) For every u € U and 0 <ty <ty < t3, |[uge, ua)llie > iy o) lle + gy ta) e

DEFINITION 2.5. Let ¥ be a system with inputs and let || - ||y be an admissible
functional that satisfies condition (E).
o If¥ is| - |lu-ISS, then we say that ¥ is || - ||y -iISS
o IfY is || - ||u-UGB, then we say that ¥ is || - ||;.-UBEBS.
o If¥ is| - |lu-UGS, then we say that 3 is || - ||-UBEBS with constant ¢ =0,
or just || - ||o.-UBEBSO.

We remove the prefic || - |l when this is clear from the context. In addition, when
- llee = || - || for some & € Koo, we refer to k as the iISS, UBEBS or UBEBS0 gain.
2.3. Problem statement. It is clear from the very definitions that || - ||-iISS

implies 0-GUAS and || - ||,~-UBEBS. The aim of the current paper is to investigate the
converse implication.

Conditions that ensure that 0-GUAS and UBEBS imply iISS are known for sys-
tems generated by ODEs with or without impulse effects [2,8,10] and for time-invariant
time-delay systems [5]. These conditions involve assumptions on the functions appear-
ing in the equations that define the systems. More specifically, such functions must
have some type of regularity and satisfy specific bounds. These conditions suggest
that, for the kind of general system considered here, the transition map ¢ is required
to have some specific regularity.

The following example gives some insight into the type of regularity which may
be required.

EXAMPLE 2.1. Consider the system ¥ = (X, U, ¢) with (X, |- ||x) = (U,] - |lu) =
(R,]-]), U the set of piecewise constant functions u : R>g — R and ¢ : Dy — R,
with Dy = {(t,s) : t > s> 0} x R x U, defined as follows. Pick any smooth function
g:R = R such that 0 < g(r) <1 forallr € R, g(r) =1 if |r| <1 and g(r) =0 if
|r| > 2. For a given (to,zo,u) € R>g x R x U, let x(-) be the unique solution of the
scalar initial value problem

(2.4) z=—-xz+g(z)v(t), z(ty) = o,
where v : R>g — R is the piecewise constant function defined by v(t) = 1/u(t) if
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u(t) # 0 and v(t) = 0 if u(t) = 0. Note that x(-) is defined for all t > tg. Then we
define ¢(t,to, xo,u) = x(t) for allt > ty. It is a simple exercise to show that the triple
(X, U, d) is a system with inpuls according to Definition 2.1 and that it is forward
complete.

For uw = 0, we have that v = 0, and then X is 0-GUAS since the trajectories
corresponding to u satisfy the equation & = —x. From the fact that g(r) = 0 for all
|r| > 2, it follows that any solution of (2.4) satisfies |x(t)] < 2+ |xo| for all t > tg
and therefore ¥ is || - ||x-UBEBS for any k € Koo

Next, we will prove that ¥ is not || - ||.-tISS for any k € K. Suppose on the
contrary that ¥ is || - ||x-iISS for some k € K. Then there exist § € KL and p € K
so that (2.2) holds, with ||ul|x in place of ||u||y-

We claim that for every 6 > 0 there exists an input u such that |lull, < ¢ and
|o(t,0,0,u)| > % for some t > 0.

Let > 0 be such that p < 1 —e~ and k(u) < 8. Define u(t) = p ift € [0,1] and
u(t) =0 fort > 1. Then |jullx = k(u) < §. Let 2(t) = ¢(¢,0,0,u) and suppose that
lz(t)| < & for all t € [0,1]. From the definition of ¢ it follows that &(t) = —z(t) + -

“w
for all t € [0,1] and that ©(0) = 0. Therefore x(t) = fot e7<:S)ds = 1‘54. In
consequence x(1) = % > 1 which is a contradiction. So, there must exist t € [0,1]

such that |z(t)| > L. This proves the claim.
From the claim it easily follows that ¥ cannot be ||-||-iISS, since taking § > 0 such
that p(8) < & and w and t as in the claim, then (2.2) implies that 5 < |¢(t,0,0,u)| <

p(|lullx) < &, which is absurd.

Note that the transition map ¢(t, to, xo, u) in the preceding example is continuous
in (t,tg,xo) for any fixed u € U but, due to the claim above, it is not continuous with
respect to the input u when u is near the zero input 0 (i.e. when |lul|, is small).
This suggests that for the problem to have a solution some continuity condition on
the map ¢ with respect to small inputs v may be required.

The more specific problem addressed is hence the following:

Find conditions on the transition map ¢ that ensure that the 0-GUAS and || - ||u-
UBEBS of % imply the || - |j4-iISS of X.

3. Main result: a characterization of iISS. By solving the previous problem,
the characterization of iISS as the superposition (1.1) will be extended to general
classes of infinite-dimensional systems. The following condition on the transition map
will be required.

ASSUMPTION 1. The transition map ¢ of the system X satisfies the following:
For everyr >0, e >0 and T > 0 there exists § = 0(r,e,T) > 0 such that for every
to >0, 2o € X and u € U with ||ully < 8, if for some t* € [to,to + T| it happens
that ||z(t)||lx < r and ||z(t)||x < r for all t € [to,t*], where x(t) = ¢(¢,to, x0,u) and
z(t) = é(t, to, o, 0), then

(3.1) I2(t) — 2(t)||x < V€ [to, t*].

Assumption 1 means that the solution z corresponding to an input can be made
arbitrarily close to the zero-input solution z by reducing the input, as measured by
the admissible functional, whenever both solutions remain bounded by r over some
time interval of prespecified maximum length 7". This should happen uniformly over
the initial time.

The following theorem is our main result.
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THEOREM 3.1. Let ¥ be a forward complete system endowed with an admissible
functional || - ||y satisfying condition (E). Let Assumption 1 hold. Then the following
are equivalent:

(a) ¥ is 0-GUAS and UBEBS.
(b) X is iISS.

The proof of Theorem 3.1 employs the -6 characterization of the ISS property pro-
vided by Theorem 3.2 and Lemma 3.1, whose proofs are given in the Appendix. This
e-0 characterization applies to the general ISS property in Definition 2.4b) where the
input functional should be admissible but is not required to satisfy condition (E). In
what follows, B, denotes the closed ball of radius 7 > 0 centred at 0 in X', namely
B, ={xeX:|z|x <r}.

THEOREM 3.2. Let ¥ be a forward complete system and let |||y be an admissible
functional. Then X is || - ||o-ISS if and only if the following conditions hold:
C1) For every T > 0, r > 0 and s > 0 there exists C > 0 such that for all ty > 0,
xo € By and u € U so that ||ully < s, ||¢(t, to, zo, u)||lx < C for allt € [to, to+T].
C2) For all € > 0 there exists 6 > 0 such that for every to > 0, xg € Bs and u € U
with ||ully < 6, [|¢(t, to, xo, w)||lx < e for all t > 1.
C8) There exists v € K such that for all r > ¢ > 0 there is a positive T = T(r,¢)
so that the following holds: for every tg > 0, zg € B, and u € U we have that
lo(t, to, zo, w)||x < e+ v (||ully) for allt > to+T.

Theorem 3.2 is a generalization of the e-¢ characterization of ISS in Lemma 2.7
of [41]. The condition C1) is not needed in [41] because it is automatically satisfied for
time-invariant finite-dimensional systems defined by ¢ = f(z,u) with f locally Lip-
schitz in (x,u). For time-invariant infinite-dimensional systems, C1) becomes equiv-
alent to the bounded reachability sets (BRS) property [32] (but here || - ||z is not
required to be a norm). Hence, C1) can be regarded as BRS uniformly with respect
to initial time (UBRS).

Given C3), condition C2) can be relaxed to:

C2’) for all h > 0 and € > 0, there is a § > 0 such that for every to > 0, z¢ € By

and v € U with |Jully <6, then ||p(t, to, o, u)||x < € for all ¢ € [to, to + h),

because C2’) and C3) imply C2). For time-invariant systems, C2’) becomes equivalent
to the CEP (continuous at the equilibrium point) and C3) to the UAG (uniform
asymptotic gain) properties in [32]. C2’) and C3) can hence be regarded as CEP
and UAG, respectively, uniformly with respect to initial time (UCEP and UUAG).
Replacing C2) by C2’), Theorem 3.2 then generalizes the equivalence between items
i) and ii) in [32, Thm. 5], namely

ISS & UUAG A UCEP A UBRS,

on the one hand by allowing time-varying systems and on the other by considering a
more general definition of ISS that incorporates iISS within a unifying framework.

The proof of Theorem 3.2 is inspired in the proofs of Lemma 2.7 of [41] and of
Theorem 5 in [32] and is provided for the sake of completeness in Appendix A.

The proof of our main result, Theorem 3.1, requires the following two lemmas.
The first one shows that under the continuity with respect to the input provided by
Assumption 1, then 0-GUAS A UGB = UGS. Note that when the input functional
satisfies condition (E), then the latter reads as 0-GUAS A UBEBS = UBEBSO (Defi-
nition 2.5). The second lemma gives a specific bound for the trajectories of a 0-GUAS
and forward complete system that satisfies Assumption 1.



8 J.L. MANCILLA-AGUILAR, J.E. ROJAS RUIZ, AND H. HAIMOVICH

LEMMA 3.1. Let ¥ be a system and let || - || be an admissible functional. Let
Assumption 1 hold. If % is 0-GUAS and || - ||-UGB then it is || - |- UGS.

The proof of Lemma 3.1 is given in Appendix B.

LEMMA 3.2. Let ¥ be a forward complete 0-GUAS system endowed with an ad-
missible functional || - ||y. Let Assumption 1 hold. Then, for every r > 0, n > 0
and T > 0, there exists v = ~(r,n,T) > 0 such that if ||p(t,t0,z,u)||x < r for all
t € [to, to+ T and ||ully <~y then

(3.2) 9(t, to, z,u)l|x < B(llx|lx,t —to) +n, Vt € [to, to +T7,

where B € KL is the function given by the definition of 0-GUAS.

The proof of Lemma 3.2 is given in Appendix C.
We are now ready to provide the proof of our main result.

Proof of Theorem 3.1. (b) = (a) is straightforward. We next prove (a) = (b).

Assume (a). We prove iISS using Theorem 3.2 and taking into account that ISS
means iISS in this case (Definition 2.5) given that the admissible input functional
satisfies condition (E). From Lemma 3.1 we have that ¥ is UGS and therefore (Def-
inition 2.5) UBEBS0. Let «,p € Ko be the functions given by the definition of
UGS.

Let T >0, >0and s > 0. Let to > 0, z € X such that ||z||x <7 and u € U
with ||uljzy < s. Then, due to UGS we have that for all ¢ € [to, o + T,

1ot to, z, uw)llx < alllzllx) + p (lulle)
<a(r)+p(5).
Therefore, C1) holds with C' = a(r) + p (s).

Let € > 0. Pick 6 > 0 such that a(d) + p(0) < e. Then, if ty > 0, x € X with
|z]lx <6 and uw € U with |luljyy < 6, it follows that for all ¢ > tg

16(t, to, 7, u)l|x < e(l|zllx) + p ([Julle)
< a(d) +p(9)
<eg,

and thus C2) holds.
Next, we prove C3). Define v € Ko, viav = 2pandlet ) = p~loa. Letr > ¢ > 0,
tg > 0, x € X be such that ||z||x <r and u € U. Distinguish the cases
(i) llullw = (r); and
(i) fuller < 3(r).

In case (i), we have

(¢, to, ;)| z]l2) + p (luller)
r) +p ()

x < of

< of

< a(@ ™ ([luller)) + p ([[uflur)
p(
2

[ullee) + p (luller)
pllulle)
v([[ullu)

So, for every e > 0 and T > 0, it happens that ||¢(¢, to, z, u)||lx < € + v(||ully) for
every t > tg+T.
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In case (ii), we have

1ot to, z, w)l|x < allle]lx) + p (Julle)
< a(r) + p (lullw)
<a(r)+p((r) =7

So ||¢(t, to, z,u)||x < 7 for all t > to. Let £ = o~ '(e) and n = £/2. Pick T > 0 such
that B(7,T) < /2, where € KL is given by 0-GUAS. By Lemma 3.2, there exists

v =~(7,1,T) > 0 such that (3.2) holds, with T instead of T', provided that ||u, < 7.
Define N = [%ﬂ-‘ and T = NT, where [s] denotes the smallest integer not less

than s € R.

For i = 0,...,N, let t;, = to + ¢I. We consider the intervals I; = (tiytiv1]
with ¢ = 0,..., N — 1 and claim that there exists an integer j < N — 1 for which
1w, t;,01lle <. If such a j did not exist, then from the definition of N and condition
(E), it would follow that [|ulles > [Ju(ey, 1yl > Zf\[:_ol llwet, tille = Ny > 9(r), which
contradicts case (ii).

Pick j such that [lug, ¢, ,)llu <7 and define u; = u, 4, ,) and x; = ¢(t;,to, z,u).
By the causality and semigroup properties, ¢(t,to, z,u) = ¢(t,t;,x;,u;) for all t €
[tj,tj41]. Since ||¢(t, to, x, u)|x < 7 for all t > ¢y, we have that ||¢(t, ¢, 25, u;)||lx < T
for all ¢t € [t;,t;4+1]. From the facts that |u;ljzs <y and the definition of « it follows
that if Tjt1 = ¢(tj+1, tj, Zj, ’U,j), then

lzj+1lla = lo(tj+1,ts, 2, us)ll 2

< B(llxjllx,T) +n

< B(FT)+n
g £

<-4 -=¢
f2+2 B

Therefore, since ¢(t,t9,x,u) = ¢(t,tj41,2j+1,u) for all t > t;41 and recalling the
UGS property, it follows that for all t > to + 1" > t;11,

1p(t; to, z, u)ll v < alzjallx) + o ([lfl)
< af@) + p([[uflu)
=&+ p(lullu)
<e+v(|luflu)-

This shows that C3) is satisfied. By Theorem 3.2, the system X is || -||;-ISS and hence
I - ]z¢-iISS from Definition 2.5. 0

4. Time-delay systems. In this section, we consider time-delay systems with
inputs. For 7 > 0 (where 7 is larger than, or equal to, the maximum delay involved in
the dynamics), let C = C ([—7, 0], R™) be the set of continuous functions ¢ : [—7,0] —
R™ endowed with the supremum norm |[[¢|| = sup{|¥(s)| : s € [-7,0]}. As usual,
given a continuous function z : [tg — 7,7) — R™ and any tg <t < T, x; is defined as
the function x; : [—7,0] — R satisfying z:(s) = z(t + s) for all s € [—7,0], so that
Xy € C.

Consider the system with inputs defined by the following retarded functional
differential equation

(4.1) @(t) = [tz u(t))
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where ¢t > 0, z(t) € R”, u(t) € R™ and f : R>g x C x R — R”. In this section,
U denotes the set of all the functions u : [0,00) — R™ that are locally bounded and
Lebesgue measurable.

We assume that f(¢,-,) is continuous for every ¢ > 0, that f(-,4, u) is Lebesgue
measurable for every (¢, ) € C x R™, and that for every to > 0, ¢ € C and v € U,
there exists a unique maximally defined continuous function x : [to—7, (,,y.u)) — R",
with t(,,.4,u) > to and x4, = 9, that is locally absolutely continuous on [to,#,,¢,u))
and satisfies equation (4.1) for almost all ¢ € [to, (¢y4,u))-

Under these assumptions, take X = C, || - ||x = || - || and define the map ¢ :
Dy — X, with Dy = {(t,s,1,u) € Ryg x Ryg x C xU : 5 <t < tgsy.)) and
B(t,s,9,u) = x, where = : [s — T,t(5.4)) — R is the unique maximally defined
solution of (4.1) corresponding to the initial time s, the initial state ¢ and input w.
Then, X = (X,U, ¢) is a system as per Definition 2.1.

For a system of the form (4.1), the 0-GUAS, UBEBS, and iISS properties are
usually defined as follows (see e.g. [5]).

DEFINITION 4.1. The time-delay system (4.1) is:
1. 0-GUAS if there exists B € ICL such that the solution x(-) corresponding to
any to >0, ¥ € C and u = 0 satisfies

(4.2) [z()] < B(1Ll, ¢t —to) Yt > to;
2. UBEBS if there exist a, p,k € Koo and ¢ > 0 such that
(4.3) [z(0)] < a([[¥l) + p(llullx) + ¢ VE = to;

3. iISS if there exist B € KL and p,k € Koo such that

(4.4) [z(8)] < B¢l t —to) + pllulls) vt = to.

In (4.3) and (4.4), x(-) is the solution corresponding to initial time toy > 0, initial state
1 € C and input u € U, and K is referred to as the UBEBS or iISS gain, respectively.

These definitions are equivalent to those corresponding to Definitions 2.4 and 2.5,
as we next show.

PROPOSITION 4.1. Consider a time-delay system of the form (4.1) and its corre-

sponding system LT as defined above. Then,

a) System (4.1) is 0-GUAS as per Definition 4.1 < L is 0-GUAS as per Defini-
tion 2.4.

b) System (4.1) is UBEBS as per Definition 4.1 < %% is UBEBS as per Defini-
tions 2.5 and 2.4.

c) System (4.1) is iISS as per Definition 4.1 < L is iISS as per Definitions 2.5
and 2.4.

Proof. The if parts are a direct consequence of the fact that |xz(¢)| < |lat||. We
next prove the only if parts. The only if part of item b) is also straightforward, since
if (4.3) holds, then the same equation holds with ||z;| instead of |z(¢)| and with the
function &, defined by a(r) = a(r) + r, in place of a.

Suppose that system (4.1) is iISS as per Definition 4.1 and let 8 € KL and p € K
be as in (4.4). Without loss of generality we can suppose that S(r,0) > r for all » > 0.
By Sontag’s Lemma on L-functions [39, Prop. 7], there exist ay, @y € Koo such that
B(r,t) = ag(ay(r)e™?) for all .t > 0. Define f(r,t) = aa(e”ay (r)e?), then § € KL
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and 3 < . Suppose that z(-) satisfies (4.4). If ¢ > to + 7, then for all s € [—7, 0]

lz(t + )| < BN, ¢+ 5 = to) + p(llullx)
< BNt =to —7) + p(llull)
< az(eman([9l)e” ") + p(flullc)
< Bl t = to) + p(llull).
Hence ||z¢|| < B([¥|,t — to) + p(J|ull,) for all t > to + 7. If tg < t < to + 7, for all
s € [—7,0]
lz(t + s)[ < B[, 0) + p(llullx)
< ag(aa([[91)) + p(llullx)
< az(eTan([9l)e” ") + p(flull)
< B 1t = to) + plllullx)-
In this case, we have that [|z;|| < (||, t —to) + p(|ull) for all ty <t < to+7. Thus

YR is iISS as per Definitions 2.5 and 2.4.
The only if part of item a) can be proved in the same way. ]

Assumption 2 gives sufficient conditions on the function f in (4.1) for iISS to be
equivalent to 0-GUAS A UBEBS.

ASSUMPTION 2. The function f in (4.1) satisfies the following conditions.
(R1) There exists v € Koo and N : R>g = Ry non-decreasing such that

[F (845 )] < NIl (1))

for allt >0, for every ¢ € C and for all p € R™.
(R2) For every r > 0 and € > 0, there exists § > 0 such that for all t > 0, it is
true that

|f(t’wau) —f(t7¢70)| <e

if Yl <7 and |u| < 6.

(R3) f(t,v,0) is Lipschitz in ¢ on bounded sets, uniformly in t > 0, i.e., for all
r > 0 there exists L = L(r) such that |f(t,1,0) — f(t,,0)] < L|jyp — || for
all t > 0 whenever ||¢]] <r and ||| < 7.

The following lemma, whose proof can be obtained, mutatis mutandis, from that of
Lemma 1 in [8], asserts that Assumption 2 holds if f(¢,0,0) = 0 for all ¢ > 0 and f
satisfies a Lipschitz condition on bounded sets.

LEMMA 4.1. Suppose that f : R>o xCxR™ — R" is Lipschitz on bounded subsets
of C x R™, uniformly in t, i.e. for all r > 0 there exists L = L(r) > 0 such that for
all ,0 € C such that ||[Y|| <7 and ||0]| <r and all p,v € R™ with |u| <7 and |v| <r
we have that

[f@ 0, m) = f@&0,0) < L([¢ = 0 + [p—v]) VE=0.
Suppose in addition that f(t,0,0) =0 for allt > 0. Then f satisfies Assumption 2.

THEOREM 4.1. Consider system (4.1) and let Assumption 2 hold. Let v € K, be
given by (R1). Then, the following hold.
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a) If system (4.1) is iISS with gain K, then it is 0-GUAS and UBEBS with gain
K.

b) If system (4.1) is 0-GUAS and UBEBS with gain «, then it is iISS with gain
Kk = max{a,v}.

The proof of Theorem 4.1 is a consequence of Theorem 3.1 and the following lemma.

LEMMA 4.2. Let Assumption 2 hold and let vy € K be given by (R1). Then, system
SE satisfies Assumption 1 with || - |l = || - |-

The proof of Lemma 4.2 is provided in Appendix D.

Proof of Theorem 4.1. Part a) is straightforward; we next prove b).

Assume that (4.1) is 0-GUAS and UBEBS with gain a.. Let £ = max{a,v} € Koo
Then, (4.1) is also UBEBS with gain s because |u]|lo < ||ullx for all w € U. By
Proposition 4.1, X% is || - || .-UBEBS and 0-GUAS. From Lemma 4.2, %% satisfies
Assumption 1 with || ||z7 = || - ||y, and hence also with ||- |z = || - ||x. By Theorem 3.1,
% is then || - ||.-iISS and, by Proposition 4.1, (4.1) is iISS with gain &. 0

The equivalence between 0-GUAS A UBEBS and iISS has been proved recently in [5,
Thm. 2] for time-invariant time-delay systems under the stronger hypothesis that the
function f(x¢,w) is Lipschitz on bounded subsets of C xR™ [5, Standing assumption 1].
The proof of the equivalence is there based on the existence of a time-invariant,
Lipschitz on bounded subsets and coercive Lyapunov-Krasovskii functional (LKF) V/
for the zero-input system f(z,0) [37], which is then employed for the system with
inputs [5, Proposition 3]. Since the concept of derivative of V' considered in [5] is
that of Driver, the Lipschitz condition on f is therein essential for establishing the
equivalence between 0-GUAS A UBEBS and iISS. The fact that a) < e) in [5, Thm.
2] becomes then a corollary of Theorem 4.1. In view of Lemma 4.1, the assumptions
of Theorem 4.1 are clearly weaker than those of [5, Thm. 2].

By simplifying the analysis of iISS into the separate evaluation of 0-GUAS and
UBEBS, Theorem 4.1 also allows to more easily conclude that if the function f in (4.1)
is time-invariant and Lipschitz on bounded subsets, then the existence of an iISS LKF
with pointwise dissipation (as per [5]) implies that the time-delay system is ilSS,
which is one of the important results in [5]. Moreover, Theorem 4.1 shows that this
implication still holds for time-invariant systems satisfying the weaker Assumption 2,
if the derivative of V' is considered in the usual sense instead of Driver’s.

5. Semilinear systems. In this section, we apply our main result to obtain a
characterization of iISS for a semilinear system of the form

z(t) = Ax(t) + f(t, (), u(t))
x(to) = xo

where t > 0, z(t) € X, X a Banach space with norm || - ||x, u(t) € U, with U a
normed space with norm || - [|[y. The operator A : D(A) C X — X is a linear operator
that generates a strongly continuous semigroup (a Co-semigroup) T': R>o — L(X),
where L£(X) is the set of all the linear and bounded operators from X to X, and
fiR>ox X xU—= &. The set U of admissible inputs is the set of all the piecewise
continuous functions v : R>g — U.

Given tg > 0, 9 € X and u € U, consider the weak solutions of (5.1). A function
x:J— X, with J = [to, 7) or [to, 7] is a weak solution of (5.1) if it is continuous and

(5.1)

x(t) =T(t — to)xo + / T(t—s)f(s,z(s),u(s))ds, VtelJ

to
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where the concept of integral is that of Bochner [4].

5.1. Semilinear systems: general results. The following assumptions on f
are required.

ASSUMPTION 3. The function f in (5.1) satisfies the following conditions.

(SL1) f is piecewise continuous in t and continuous in its other variables in the
following sense. There exists a strictly increasing and unbounded sequence of
positive times {1132, and continuous functions fi : [Tk, Th41] X X x U = X,
k=0,1,... with 7o = 0, such that f = fr on [Tk, Tk+1) X X x U.

(SL2) f(t,&, ) is Lipschitz in & on bounded sets, uniformly for all t and for u in
bounded sets, i.e., for all r > 0 there exists L = L(r) > 0 such that, for all
&w e X such that ||€l|lx <7, |wllx <7, all pw € U such that |||y < r and
all t > 0, it holds that

||f(t7£7:u) - f(tawalu)HX S L”f - WHX'

(SL3) There exists v € Koo and N : R>g — Rso non-decreasing such that

£ &l < N([[Ellx) (1 +~(lullu)

forallt >0,&€ X and p € U.
(SL4) For every r > 0 and € > 0, there exists 6 > 0 such that for all t > 0, it is
true that

||f(t7£7M) - f(tvgvo)”)c' <e

il < v and [l <.

When f(¢,&, 1) is Lipschitz in (€, 1) on bounded sets and satisfies f(¢,0,0) = 0, it
can be proved, similarly to the proof of Lemma 4.1, that f satisfies (SL2)—(SL4) of
Assumption 3. This is made more precise as follows.

LEMMA 5.1. Suppose that f : R>g x X x U — X is Lipschitz on bounded subsets
of X x U uniformly over R>q, i.e. for all r > 0 there exists L = L(r) > 0 such that
for all £,¢ € X such that ||€]|x <7 and ||C||x <7 and all u,v € U with ||p|ly < r and
l¥|lu < r we have that

||f(t7§7U) - f(t7Cv V)”X < L(Hg - CHX + ||:u - V”U) vt > 0.

Suppose in addition that f(¢,0,0) =0 for allt > 0. Then f satisfies (SL2)—-(SL4) of
Assumption 3.

Under (SL1)—(SL3) of Assumption 3 and the fact that the admissible inputs u are
piecewise continuous, a slight modification of [4, Prop. 4.3.3] to allow piecewise conti-
nuity proves that for every ty > 0, zg € X and u € U there exists a unique maximally
defined weak solution x : [to,(¢y,20,u)) — & of (5.1).

Defining the map ¢ : Dy — X, with Dy = {(¢,t0,%0,u) € Ry X R>g X X x U :
to <t < t(g,m0,u)t and @(t,to, xo,u) = x(t) with = : [to, Ly 00,0)) — X the unique
maximally defined weak solution of (5.1), we have that ¥ = (X, U, ¢), which will be
referred to as the system generated by (5.1), is a system according to Definition 2.1.
The following Lemma asserts that 9 satisfies Assumption 1 if Assumption 3 holds.
The proof is provided in Appendix E.
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LEMMA 5.2. Consider the semilinear system (5.1), let Assumption 3 hold, let
v € Koo be the function from (SL3), and let ©5T be the system generated by (5.1).
Then, X5F satisfies Assumption 1 with || - lu = |- |-

The following characterization of iISS can be proved almost identically as Theorem 4.1,
but invoking Lemma 5.2 instead of Lemma 4.2.

THEOREM 5.1. Let 51 be the system generated by equation (5.1). Suppose that
Assumption 3 holds and let v € Koo be the function coming from (SL3) of such
assumption. Then the following hold.

a) If system X5 is iISS with iISS-gain r, then 5T is 0-GUAS and UBEBS
with gain kK.

b) If system ¥ is 0-GUAS and UBEBS with UBEBS-gain o, then ©5% is iISS
with gain k = max{a,~}.

5.2. Semilinear systems: generalized bilinear form. The much stronger
result that 0-GUAS on its own is equivalent to iISS (Theorem 5.2) can be obtained
when Assumption 3 is replaced by the following stronger condition, which replaces
(SL3)—(SL4) by a bound on || f(t,&, p)||x of a specific, affine-in-||€|| » form.

ASSUMPTION 4. Let f in (5.1) satisfy (SL1) and (SL2) of Assumption 3, jointly
with the bound

(5.2) (£, & mllx < (K[lEllx + d)y([[ullu) V&€ X, peU

for some constants K,d € R>q and some v € K.

If a nonlinear function f satisfies Assumption 4, then (SL3) of Assumption 3 holds
with N(r) = Kr 4 d and the same function v, and (SL4) follows directly from (5.2),
since f(¢,£,0) =0 for all (¢,£) € R>g x X.

Examples of functions satisfying Assumption 4 are those of the form f(¢,&, p) =
B(t)u+ C(t,&, 1), where B : R>g — L(U, X) is piecewise continuous, C' : R>¢ x X x
U — X is piecewise continuous in ¢t and C(t,-,-) is bilinear, and there exist constants
K,d > 0 such that || B(t)|| < d and supj,y=1,jujy=1 IC# & p)llx < K for all t > 0.
In this case (5.2) is satisfied with these values of K and d, and with v(r) = 7.

Recall that the semigroup T'(-) generated by the operator A is exponentially stable
if |T(t)]| < Me=? for some M > 1 and A > 0, where ||T(t)|| denotes the induced
norm of the operator T'(¢). Also, exponential stability of T'() is equivalent to GUAS
of the system & = Ax [6, Prop. 3].

THEOREM 5.2. Consider a semilinear system (5.1) that satisfies Assumption 4.
Then, the following are equivalent.
a) System (5.1) is iISS.
b) System (5.1) is 0-GUAS.

Proof. . Since a) = b) is trivial, we prove b) = a). Suppose that the system is
0-GUAS. Then the semigroup T'(-) is exponentially stable. Let M > 1 and A > 0 so
that [|T(¢)|| < Me=* for all ¢t > 0, where ||T(¢)| denotes the induced norm of the
operator T'(t). In the remainder of this proof, we omit the subscripts in the norms
|| -]lx and || - ||y in order to avoid cluttered notation and because these can be inferred
from the context.

Let tg > 0, xg € X, u € U and z(-) be the corresponding trajectory. Let
[to,t(to,20,u)) e the maximal interval of definition of z(-). Suppose without loss of
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generality that [Jul| < co. Then, for all to <t <ty 20,u),

x(t) =T(t —to)xo + / T(t—s)f(s,z(s),u(s))ds.

to

Take the norm at both sides of the equality and apply the triangle inequality and the
properties of the norm of the integral to obtain

t
(@)l < Tt = to)ll[[zoll +/t 1Tt = )l f (s, z(s), u(s))lds
0
t
< Me 210 g | +/ Me 9 (K| (s) || + d)y([[u(s)|)ds.
to
Multiply both sides by e**=%0) and define z(t) = e**~%0)||z(t)||, so that

2(t) < Mlzo]| + Md / AC=10([lu(s)[)ds + / MEA([Ju(s) ) =(s)ds.

to

Then, for tog <t <7 <Z(9,20,u)

2(t) < Mo + Md / " AT (lu(s) | )ds + ME / ([fus) ) 2(s)ds.

to

By applying Gronwall’s Lemma on the interval [to, 7] it follows that
() < 01 ol . | N0 (o) s M 0,
to

Recalling the definition of z, multiplying both sides by e~ *("—t) and taking into
account that f; Y(|lu(s)|)ds < [Jull, and e=*(7~t) <1 for all 7 > o, then also for all

T € [to, t(t,20,u)) We have

(7)< M[[laoll + dfjul,]e™ <l
_ ol | MMl

< 5 +Md||u||WeMKH“”7

where we have used the fact that ab < "—22 + % setting a = ||z and b = MeMKlul,

Defining a(r) = g, p(r) = MU D) | M dreMET and ¢ = M

5 5, we have that
a, p € Ks and

()]l < alllzoll) + p(llully) + ¢ V7 € [tos trg o))

If t(ty,m9,u) < 00, we have that w(-) is bounded on [to,t(,,z0,4)), SO that r, :=
SUDE 0,11y ng ) lu(®)|] < oco. We claim that F(t,&) = f(t,& u(t)) is Lispchitz in
¢ on bounded sets, uniformly in ¢ € [to, t(to,xo,u))7 with a Lipschitz constant that may
depend on . To see this, let > 0 and select L = L(max{r,r,}) from (SL2), so that
the function F' satisfies

1E @, &) — F(t,w)ll = [If(t & u®) = f(t,w,u@®))] < LIE - wl|

for all t € [to,t(ty,00,u)), Whenever [[£]|x <7, |lw|lx < r. This proves the claim.
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Since t(¢y,20,u) < 00 and F(t,§) satisfies this Lipschitz condition, then a slight
variation of [4, Thm.4.3.4] implies that z(-) is unbounded on [to, t(,,4,,4)). This is a
contradiction showing that £, zo.4) < o0 is not possible. Then, £, z,4) = o0 and
the corresponding system %5 is UBEBS as per Definitions 2.4 and 2.5. The iISS of
the system then follows from Theorem 5.1. 0

Theorem 5.2 generalizes [30, Theorem 4.2] to the time-varying case. The proof
given here is based on the general characterization (1.1), while that in [30] uses an
ad hoc method. A recent result dealing with the relationship between ISS and iISS
for generalized bilinear time-invariant systems, allowing for unbounded (linear) input
operators is given in [13]. The results in the current paper are neither a special case
nor more general than those of [13].

6. Conclusions. The equivalence between integral input-to-state stability (iISS)
and the combination of global uniform asymptotic stability under zero input (0-
GUAS) with uniformly bounded-energy input/bounded state (UBEBS) was estab-
lished for systems defined in abstract form, provided a reasonable assumption of
continuity of the trajectories with respect to the input, at the zero input, is satisfied
and employing a more general definition of iISS. Sufficient conditions for this assump-
tion to be satisfied were given for time-delay systems and for semilinear evolution
equations over Banach spaces. The abstract definition of system employed allows for
time-varying infinite-dimensional systems whose solutions are unique. It is expected
that our main result could be helpful in (a) establishing the equivalence for other spe-
cific classes of infinite-dimensional systems, such as semilinear systems over Banach
spaces involving unbounded input operators, for which very few results are currently
available, and (b) giving mild conditions under which ISS implies iISS, as done for
finite-dimensional systems in [9].

Appendix A. Proof of Theorem 3.2.

Suppose that the system ¥ is || - [|-ISS and let € KL and p € K the functions
characterizing this stability property.

Let T > 0,7 >0and s > 0. Let tg > 0, € B, and u € U be such that ||uljy < s.
Then for all t > t,

ot to, z, u)|x < 5(||$||X»t —to) + p(lluller)
B(r,t —to) + p([lullu)
< ﬁ(?ﬁ 0) + p(s).
Thus ¥ satisfies C1) with C' = g8(r,0) + p (s).
To prove C2), take § = a~1(g) with a(-) = B(-,0) + p(-) € K. Indeed, if o > 0,
[lullr <6 and ||z||x < 6 we have that
[6(t, to, z, u)l|x < /B(”x”é\f'?t —to) + p(llullu)
Bt —to) + p(llulles)
B(6,0) + p (9)
= a(é) =ce.

As for C3), let 0 < e < r. Since f(r,t) — 0 as t — oo then there exists T > 0
such that for all ¢t > T we have that 8(r,t) <e. Let tg > 0, z € B, and u € Y. Then,
forallt >ty + 1T,

Hgb(t?t()vxa U)HX < B(”x”?ﬁt - tO) + p(”””u)
< 80r,T) + plllulle) < & + p(luller)
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and therefore C3) holds with v = p.

Conversely, suppose that X satisfies C1)-C3).

Let r > 1. By C3) with € = 1 there exists T > 0 such that if ¢ > 0, [|z||lx < r
and u € U, then ||¢(t,to, z,u)||x < 1+ v (||lully) for all ¢ > to + T3y. If, in addition,
[luller < 7, then ||¢(t, to, x,u)||x <1+ v (r) for all t > to + T7.

From C1), there exists a C' > 0 such that ||¢(¢,tg, z,u)||x < Cif t € [to, to + T1],
|z)lx < 7 and |luljy < 7. Therefore, ||¢p(t,to, z,u)||x < max{C,1+v(r)} <1+C+
v(r) for all t > tg > 0, x € X such that |||l x <r and all u € U such that |luljy < r.

Define for r > 0,

p(r) = sup{[|o(t,to, z, u)l|x = 0 <to <t, [[zllx <7, [luller <7}

Note that ¢ is clearly nondecreasing and, by the previous analysis, ¢(r) is finite for
every r > 1. Then, o(r) is finite for every r > 0. By C2), it straightforwardly follows
that o(r) — 0 as r — 0F. Then, there exists ¢ € K such that ¢ < @. Therefore
16(t, to 2, w)lx < plmax{llellx, llulke}) < Glele) + @(lull) for all = € X, u e U
and t > to > 0. It follows that for all t > ¢y > 0, all © € X such that ||z||x+ < r and
all u € U we have ||p(t,to, z,u)||x < &(r) + @(JJully). Then, for all ¢ > t5 > 0, all
x € X such that ||z]|x <r and all u € U,

(A1) ot to, 2, u)|x < &(r) + E(l|ullur)-

From (A.1) and C3), by proceeding as in the proof of Lemma 8 in [32] or as in that
of Lemma 2.7 in [41], it follows that there exists a function 8 € KL for which the
estimate

ot to, z, u)llx < B[], t = to) + p(lluller)
holds with p := max{v, $}. Hence the system ¥ is ISS.

Appendix B. Proof of Lemma 3.1.
Let a, p and ¢ as in the definition of UGB. For r > 0, define

a(r) = sup{[[o(t, to, , u)l|x - 0 <to <, [[z]lx <7 and [luly <r}

The function & is non-decreasing and finite by the UGB property.
Next, we prove that lir(r)l+ a(r) = 0. Define r* = p(1) + (1) + c and let B € KL
r—

be the function characterizing 0-GUAS. For a given ¢ > 0, take §; € (0,1) so that
01 < B(61,0) < 5 and T > 0 such that §(61,7) < %. Define n = %1 and let
v = v(r*,n,T) be the constant coming from Lemma 3.2. Induction will be used to
prove that for every xy € X such that ||zo||x < 61, every 0 <ty < t, and every u € U
with [Jully <, then ||@(¢, to, zo, u)||x < € for all t > t.

For i € N, define t; := tq+iT and z; := ¢(t;,to, v, u). We have ||¢(t, to, o, u)||x <
r* for all t > tg. Apply Lemma 3.2 to obtain

16(t; to, zo, w)l[x < B(llzollx,t = to) + 1 < B(61,0) + 1

<, S0
=T =57Ty
g £

<=4+ =-=c¢

2 2

for all ¢t € [to, to+T] = [to,t1]. In addition, ||z1]x = ||¢(t1, to, z, u)||lx < B(01,T)+n <
o1 01 _

S+ F =19

2 2
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Next, suppose that ||z;]] < 0;. Using the fact that ¢(¢,t;, z;,u) = &(t, to, o, u)
for all ¢ > t;, repeating the latter reasoning we obtain ||¢(t,to,zo,u)||xr < € for
all t € [ti,tiy1] and ||zi+1]] = [|@(tix1,to, 2, u)||x < 01. In consecuence, induction
establishes that ||¢(t,to, zo,u)||x < e for all t >ty > 0, 9 € X, and u € U, provided
that [|zollx < 6 and |Ju|ly < §, with 6 = min{d1,~}. By definition of &, it follows
that for every € > 0 there exists § > 0 such that a(r) < &(d) < e for every 0 < r < 4.
This proves that lim a(r) = 0.

ks

—0t

Since & is non-decreasing and lirn+ a(r) = 0, there exists & € Ko such that
r—0

G(r) > a(r) forall r > 0. Let 0 <ty <t, x € X, and v € Y. From the definition of &
and the fact that &(r) > a(r), it follows that

1p(t; to, z, u)llx < &[]l x) + a(uller)
Consequently, the system is | - ||,,~-UGS because (2.3) holds with ¢ =0 and « = p = &.

Appendix C. Proof of Lemma 3.2.

Suppose that system X is 0-GUAS and let 8 € KL so that (2.1) holds. Let r > 0,
n>0,T > 0. Set r* = B(r,0) and note that r < r*. Let 6 = §(r*,n,T) be the
positive constant given by Assumption 1 with r* instead of r and 7 instead of €.

Suppose that ||@(t, to, z,u)||x < 7 for all t € [tg,to + T| and that |lully < 0.
Then, ||¢(t,t0,2,0)|lzs < B(r,0) < r* for all t € [tg,tp + T]. The definition of § and
Assumption 1 imply that

||¢)(t,t0,:c,u) - ¢(t7t07an>HX S n vt € [thtO + T}
Thus
[o(t, to, z, u)l[x < [|@(t,to, 2, 0)|[x + [[(E, to, x, u) — @, to, z, 0) || x
< B(llzllx,t —to) +n-
and the proof concludes taking v = 6.

Appendix D. Proof of Lemma 4.2. The proof of Lemma 4.2 employs the
following version of Gronwall Lemma.

LEMMA D.1. Let : [to—T,t] = R be continuous and nonnegative and let K, L >
0 be such that

l
Yl) <K+ L lvsllds Ve € [to, t],
to

where 15 € C([—,0],R) is the function defined by s(r) = (r+s) for allr € [—7,0]

and || - || is the supremum norm. Then,
el < (K + lldbeo 1) €575 L € [to, 1].

Proof. Define for ¢ € [tg,t], ©(£) = ||1pe]| and ®(¢) = K—l—Lj;f) ls]|ds. Note that
¢ is nonnegative and continuous and that ® is nondecreasing. For every ¢ € [to, t] and
any s € [—7,0] we have that ¥,(s) = (s +£) < ®(s+¢) < &(¢) when s + £ > t; and
that ¥e(s) = (s +£) < |[1)4, || when s+ £ < ty. In consequence, p(£) < ||t || + ©(¢)
for all £ € [to, t] and hence

4
@(€) < It || +K+L/ p(s)ds.

to
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Applying the standard Gronwall inequality yields
p(0) = el < (K + |[aby, ||) €710 Ve € [to, 1],
which establishes the result. 0

The following lemma employs this version of Gronwall’s inequality to give a bound
on the difference between specific solutions.

LEMMA D.2. Suppose that f in (4.1) satisfies Assumption 2 and let v be given by
(R1). Then, for every r > 0 and n > 0 there exist L = L(r) and k = k(r,n) such that
if () and z(-) are the mazimally defined solutions of (4.1) corresponding to initial
time tg > 0, initial state 1y € C and, respectively, inputs u € U and 0 € U, and if for
some time t* > to it happens that ||x|| < r and ||z|| < r for all t € [to,t*], then it
also happens that

(D.1) |fft—zt||<[77(t—to)+k / W(IU(S)I)dS] L) e [ty 1]

to

Proof. For every s > 0 define BS = {¢p € C: |[¢]| < s} and B = {¢ e R™ : |¢| <

The following claim is analogous to that in the proof of [8, Lemma 3].

Claim D.1. For every r > 0 and n > 0, there exists k = k(r,n) > 0 such that for
allt >0, € BS and u € R™

|, 1) — f(&,0,0)] < 0+ ky(|p)).

Proof of the claim. Let r > 0 and n > 0 and take § € (0,1) from (R2) in As-

sumption 2, such that for all ¢ > 0 and (1, 1) € BS x BY* then
|f(t7¢7ﬂ) - f(ta¢v0)| <n.

If ¢ € BS and |u| > 6, from (R1) in Assumption 2, it follows that

[F(t ) = F(& 0, 0) < [f (0, )] + [ f (2,9, 0)]
< N(([[9l) + N D (e + N 1)
= 2N([[91) + Nl Dy (1u)
SN ()2 +(|p)]
2

N LM . 1] )

< NW) [7(25) s 1] A1),

By taking k = N(r) {% + 1} we then have that for all t+ > 0, ¢ € BS and p € R™,

[F (&4, 1) = f (8,0, 0)] <+ Ky (|ul)

and the claim follows. 0

Let r > 0, 7 > 0, and let L = L(r) be given by (R3) in Assumption 2. Let
k = k(r,n) be given by Claim D.1 and let g, t*, ¢, u, x(-) and z(:) be as in the
statement of Lemma D.2. Let ¢y <t < t*. Since for £ € [to, ],

4
x(0) = xz(tg) +/t f(s,zq,u(s)) ds
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and

¢
z(€) = x(to) + f(s,25,0)ds

to
it follows that for all ¢ € [to, t],

14
[2(6) = 2(O] < [ |f(s,24,u(s)) = f(s, 25, 0)[ds

to
14

¥
< [ 1£(5 20 u(s)) — F(5,20,0)|ds + / (5, 20,0) — (5, 20,0)ds

to

to

¢ )
S/ T]—|—k’y(|u(s)|)d$+L/ lxs — zs||ds
to

¥/ ¥/
< (6= to) + / A(fu(s))ds + L / s — 2]l ds
to

to

Let o(£) = |z(€) — z(£)| for £ € [tg — T,t]. Then, for all £ € [tg, t],

t ¥/
o(0) < n(t—to) + & / A(Ju(s)])ds + / Ll lds.

to tO

Applying Lemma D.1 to ¢ with K = n(t — t9) + k:ftto ~v(Ju(s)|)ds, and taking into
account that ¢, = 0 because zy, = 2z, = 1o, then (D.1) follows, concluding the proof
of Lemma D.2. ]

Proof of Lemma 4.2. Given r > 0, ¢ > 0 and T > 0, let L = L(r) be given by
Lemma D.2. Pick n > 0 sufficiently small such that nTe’” < £/2 and let k = k(r,n)
be given by Lemma D.2. Pick § > 0 such that kdel? < /2.

Suppose that for tg < t* <ty + T, ¥ € C and v € U such that ||u|, < J, the
maximal solutions z(-) and z(-) of (4.1) corresponding to tp, ¥ and inputs u and
0, respectively, are defined on [ty — 7,t*] and satisfy ||z;| < r and ||z| < r for all
t € [to,t*]. From Lemma D.2, it follows that for all ¢ € [to, t*]

lze =zl < [n(t — o) + k‘/t:'y(u(s)) ds} eLlt=to)

<nTe + klull,e™T < -+ - =

| ™

The proof finishes by noting that if ¢ is the transition map of ©® then ¢(t,to, 1, u) =
x¢ and @(t,t,1,0) = z for all ¢ € [to, t*]. 0

Appendix E. Proof of Lemma 5.2. For proving Lemma 5.2 we use the fact
that since T'(+) is a strongly continuous semigroup, there exist M > 0 and w > 0 such
that the operator norm [|T'(t)|| < Me™! for all ¢ > 0. We also need the following
result, which is analogous to Lemma D.2.

LEMMA E.1. Suppose that the function f in (5.1) satisfies Assumption 3 and let
~ be given by (SL3). Then, for every r > 0 and n > 0 there exist L = L(r) and
k = k(r,n) such that if x(-) and z(-) are the mazimally defined solutions of (5.1)
corresponding to initial time tg > 0, initial state xg € X and the inputs uw € U and
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0 € U, respectively, and if for some time t* > to, ||x(t)||x < r and ||z(t)||x < 7 for
all t € [to,t*], then we have that

(E.1)

HW%%@M<®W—M+@/%MﬂM%M¥WWM”W4”temfk

to

Proof. The following Claim, which is analogous to that in the proof of Lemma
D.2, can be proved in the same way, but using (SL3)—(SL4) instead of (R1)-(R2).

Claim E.1. For every r > 0 and n > 0, there exists k = k(r,n) > 0 such that for
allt >0, 2 € BY and p e U
||f(t7w7ﬂ) - f(t,$70)||x <n+ k’V(HMHU)

Let 7 > 0 and let L = L(r) be given by (SL2) in Assumption 3. Let n > 0. Let
k = k(r,n) be given by Claim E.1 and let to, t*, ¢, u, z(-) and z(-) be as in the
statement of Lemma E.1. For tg <t < t* and 7 € [to, t], we have that

(1) =T(1 — to)xo + /tT T(r—s)f(s,z(s),u(s))ds
and
2(1) =T(r — to)xo + /T T(r—s)f(s,2(s),0) ds.

to

Then, using the operator bound ||T'(h)|| < Me“" for all h > 0 and Claim E.1, it
follows that for all to < 7 <t < ¢*

o)~ ()l < [ T — )1 (s 2(5),uls)) — £(s. 2(5), 0)] s
< " M| (s, 2(s), u(s)) — F(sa(s),0) ] ds
[ M f(s,2(5),0) — f(s. 2(5),0) | wds

to

< [ MeT) [+ ky(l|uls) )] ds + L/ Me* T [ (s) — 2(s)||xds
to

to

< / Me ) [+ ky([[u(s) )] ds + L/ Me" U710 |z (s) — 2(s)||xds
to to

t T
< Mev(—) [n(tto>+k / v<||u<s>u>ds} 422 [ fa(s) ()]s
to

to
By applying Gronwall Lemma on the interval [to,t], (E.1) follows. 0
Proof of Lemma 5.2. The proof is analogous to that of Lemma 4.2, but using
Lemma E.1 instead of Lemma D.2. a
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